A NONCOMMUTATIVE GENERALIZATION OF HUNTER’S
POSITIVITY THEOREM

STEPHAN RAMON GARCIA AND JURIJ VOLCIC

ABSTRACT. Hunter proved that the complete homogeneous symmetric poly-
nomials of even degree are positive definite. We prove a noncommutative
generalization of this result, in which the scalar variables are replaced with
hermitian operators. We provide a sharp lower bound and a sum of hermitian
squares representation that are novel even in the scalar case.

1. INTRODUCTION

The complete homogeneous symmetric (CHS) polynomial of degree d in n (com-
muting) variables is the sum

hd(xlvaM"axn) = Z xilxiQ"'xid,a
1<ii <-<ig<n
of all (7l+j_1) monomials of degree d in x1, xa, ..., z, [Sta99, Sec. 7.5]. For example,
ha(z1,9) = 23 + 2122 + 23 and hy(z1, 12) = 2] + 2329 + 2323 + 2123 + 25. Hunter
proved that CHS polynomials of even degree are nonnegative; more precisely, for
d €N and x = (21,2, ...,%,) we have

[Ix]13”
hoa(w1, 22, - Tp) > 2dd2! ; (1)

with equality at x # 0 if and only if d = 2 and 1 + x2 + - - - + x,, = 0 [Hun77].
Even-degree CHS polynomials give rise to prominent instances of symmetric
polynomial inequalities, studied in algebraic combinatorics and real algebraic ge-
ometry [Pro78, Tim03, CGS11, BR21]. In this paper, we explore a noncommutative
analogue of CHS polynomial positivity. This is done from the perspective of free real
algebraic geometry [dOHMP09, HKM13], which investigates polynomial inequali-
ties in several matrix or operator variables without dimension restrictions. We
define noncommutative CHS polynomials and prove an explicit Hunter-like lower
bound for them. Our approach yields a noncommutative sum of hermitian squares
(SOHS) representation that appears novel even in the commutative case. The non-
commutative generalization of Hunter’s theorem sheds new light on the classical
case: we obtain better lower bounds than Hunter’s in many situations while also
providing sum of squares (SOS) representations for the classical CHS polynomials.
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To state our results, we require some notation. For n € N, let [z1,...,2,] de-
note the set of monomials in n commuting variables and let R[zq,...,z,] denote
the corresponding real polynomial ring. Let <zi,...,z,> denote the set of all
words in n freely noncommuting variables and let R<z1, ..., z,> denote the corre-
sponding real free x-algebra of noncommutative polynomials, where the involution
* is determined by 7 = z; for all j =1,2,...,n.

Let a : <x1,...,2,> — [21,...,T,] denote abelianization, which maps a non-
commutative word to a monomial by forgetting the order. For example, a(z1z221) =
229, A counting argument shows that

ki4-+k
— k N 1
|ov 1(x11-~-mﬁ)|—< kh...,knn)' (2)
The map « extends to a natural algebra homomorphism 7 : R<z,...,z,> —
Rlz1,...,zp]. Let o : Rlzq,...,2,] = R<zq,...,2,> denote the linear map
1
o(m) = ——— w, mE [z1,...,%,]
la=t(m)] 2.

wea~1(m)

1
2
noncommutative lift. Note that 7o o = idg,,,..

For example, o(x122) = 5 (2122 + x2x1). One may view o as the fully symmetrized

wwn]'
The noncommutative complete homogeneous symmetric (NCHS) polynomial of
degree d in n (noncommuting) variables is

Hy(zq,. .. ,x,) = U(hd(ml, e ,xn)) eR<x1, ..., Tn>. (3)

For example,
Hy(x1,m0) = x% + %(.131])2 + xox1) + x% (4)

and

4

1

1.3 2 2 3
Hy(z1,22) = 27 + 7 (2722 + 272221 + 212207 + T2T7)

1/.2.2 2 2 2.2
+ 5 (2723 + 21022172 + 212571 + T227T2 + ToT1 7271 + THTT)
2 2 4

+ (2125 + zox123 + 23172 + T3T1) + 25,

Note that the definition (3) differs from that of Gelfand et al. [GKL'95], where non-
commutative complete homogeneous symmetric functions are formal objects that
specialize to noncommutative rational functions or non-hermitian noncommutative
polynomials [GKLT95, Section 7]. However, since we are interested in positivity,
the definition (3) is natural as it produces a hermitian noncommutative polynomial.
In fact, the definition (3) fits in the framework of noncommutative symmetric func-
tions as introduced by Rosas and Sagan [RS06] (our NCHS polynomials are scalar
multiples of some of their noncommutative analogues of CHS polynomials).
We can now state our main result:

Theorem 1.1. Let n,d € N.

(i) The noncommutative polynomial Hog(21,. .., xy) is a sum of ("7;“1) hermit-
ian squares in R<xy,...,x,>. This number of hermitian squares is minimal.

(i) For all k € N and all hermitian operators X1 ..., X, on a Hilbert space,
HQd(Xla ce. 7Xn) t /u’n,d(Xlzd + e+ X?%d)v
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in which = denotes the Lowner partial order and

1 ifn=1,
(71,721;»241 . )
ﬂn,d — (n7;+d)((n—;+d)+1) an Z 2 and d 18 Odd,
n—142d

(n—;+d)((n2:i;+d)+n_1) if n>2 and d is even.
This lower bound is best possible.

In general, the fully symmetrized noncommutative lift does not preserve inequal-
ities. While positivity of even-degree CHS polynomials may be seen as a special
case of positivity of Schur polynomials for even partitions, the fully symmetrized
noncommutative lifts of the latter are not positive semidefinite in general (Remark
2.6), lending more significance to Theorem 1.1. Furthermore, while the exact lower
bounds for CHS polynomials are not known, the rigidity of noncommuting vari-
ables, often leveraged in free real algebraic geometry, allows us to determine the
exact (and explicit) lower bounds for NCHS polynomials as in Theorem 1.1. These
noncommutative results also carry implications for the classical CHS polynomials,
for which we obtain SOS representations and new lower bounds.

Corollary 1.2. hog(x1,...,x,) is a sum of ("i?rd) squares in R[xq, ..., x,]. Fur-

thermore, hag(w1,. .., 2n) > £3:5[x[|3 for all x € R™.

Observe that :: el > ﬁ whenever d is sufficiently larger than n, in which
case Corollary 1.2 provides a tighter estimate than (1). Also, our method appears
to be the first explicit method to express CHS polynomials as sums of squares.
Another approach to SOS representations for (commutative) CHS polynomials was
suggested by Speyer and Tao [Taol7], although it is unclear if their approach was
ultimately pursued and formally published.

This paper is organized as follows. Section 2 contains the proof of Theorem 1.1(i)
(see Proposition 2.2). We establish Theorem 1.1(ii) in Section 3 (see Proposition

3.3). We conclude in Section 4 with several examples and remarks.

2. NONCOMMUTATIVE HUNTER’'S THEOREM

In order to study positivity of NCHS polynomials, we investigate spectral fea-
tures of certain combinatorial matrices. We start by introducing some notation
used throughout the paper. Let n,d € N. By [z1,...,24]qa C [21,...,2,] and
<T1,...,Tp>q C [21,...,2,] we denote the sets of monomials and words of degree
d, respectively. Similarly, let R[z1,...,2,]q C R[zq,...,2,] and R<zq,...,2,>4 C
R<zy,...,x,> denote the subspaces of homogeneous polynomials of degree d.
When used as index sets, we endow [x1,...,x,]q and <zq,...,z,>¢ with lexi-
cographic order. Define the rational matrices

~ 1 1
CIVH S ) S N
" |a_1(uv)‘ UWE[TT,ee,Tn]d ! |(a_1 © W)(U*U)‘ UVELTLy s T >d
()
By (2), their entries are reciprocals of certain multinomial coefficients. Throughout

the paper, we often interpret matrices (5) as linear maps én,d Rz, xn]a —
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R[z1,...,zplq and Gpq @ R<zy,...,2,>4 — R<zy,...,2,>4 in a natural way.
For our purposes, the crucial properties of G,, 4 and G, 4 are the following.

Proposition 2.1. Let n,d € N.

(i) Gn.q is positive definite.
(11) Gp,a is positive semidefinite, ker Gy, q = ker Tlr<a,,... 50 >4, and rank G, g =

(%),

Proof. Define a linear functional A : R[zy,...,2,] — R by

)‘(p) = / pd¥, 1,
Eno1
where ¥,,_1 = {(t1,...,tn) € R%: t1+---+1t, = 1} is the standard (n—1)-simplex
endowed with the Lebesgue measure. Note that A is nonnegative on nonnegative
polynomials, and in particular on squares. By the Dirichlet integral formula (see,
e.g., the Dirichlet or multivariate beta distribution [BS94, Section 3.2.5]) and (2),

eyl k!
kl... k” — 1 n
@y ) \/ﬁ(k1+«-~+kn+n71)!
(a1 (3 (6)
Vnlky + -+ ky)! 1

(ki + -+ ko +n— D Ja-l(aF . o)

If p € Rlzy,...,7,] is homogeneous and A(p?) = 0, then p|s, , = 0. Since p
vanishes on ¥,,_; if and only if it is a multiple of 1 + - - 4+ x,, — 1, homogeneity
implies that p = 0. Thus, (p,q) — A(pq) is an inner product on R[z1,...,z,]q-

(i): By (6), the matrix én,d is a positive multiple of the Gram matrix of the linearly
independent vectors [z, ..., x,]q With respect to an inner product. Thus, én’d is
positive definite.

(ii): The functional A o w : R<xy,...,z,> — R is nonnegative on hermitian
squares, and thus gives rise to a semi-inner product on R<zy,...,xz,>4. The
matrix G, 4 is a positive multiple of the Gram matrix of the linearly indepen-
dent vectors <x1,...,x,>4 with respect to it, and thus positive semidefinite. If
f eR<ey,...,x,> is homogeneous, then (Ao 7)(f*f) =0 if and only if 7(f) = 0.
Thus, ker G,, ¢ = ker m|gr<s,.... 5, >, and rank G,, g = rank én’d = ("_;+d). ([l

Now equipped with Proposition 2.1, we are ready to establish Theorem 1.1(i).

Proposition 2.2. Let n,d € N. In R<z1,...,x,>, we have

Hog(x1,...,2n) =W Gpaw, (7)
where w is the column vector of words in <x1,...,x,>q ordered lexicographically.
The noncommutative polynomial Hogq(x1,...,2,) is a sum of (”iyrd) hermitian

squares in R<xy,...,x,>, and this number of hermitian squares is minimal.
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Proof. Each element in <z1,...,z,>24 can be uniquely written as u*v for some
u,v € <x1,...,T,>4q. Thus, every (hermitian) f € R<xy,...,z,>24 can be writ-
ten as f = w*Aw for a unique (symmetric) real matrix A; namely, the coefficient
of u*v in f is the (u,v) entry of A. By (3), the coefficient of u*v in Hog(21,...,2y)
is m Thus, (7) holds by the definition of G,, 4. Since G, q is positive
semidefinite, it factors as G, 4 = 5*S, where S has rankG,, 4 = ("_i"’d) rOws.
Hence, Haq(z1,...,2,) = (Sw)*(Sw) is a sum of ("_;+d) hermitian squares. To
see that this number of hermitian squares is minimal, suppose Hoq(x1,...,2,) =
Z;Zl qjq; for ¢; € R<zy,...,z,>. The homogeneity of Hyq(x1,...,x,) ensures
that ¢; € R<zy,...,2,>4. Expanding g; along the basis <zi,...,z,>q gives
Hog(x1,. .., 2n) = W Q*Qw for a matrix @ with r rows. By the uniqueness obser-
vation from the start of the proof, we have Q*Q = G, 4, and thus r > ("_(11"”1). a

Remark 2.3. One can write G, g = S*AS with A = [Alg’] diagonal using only
linear operations over Q [Lam05, Corollary 1.2.4]. This gives rise to a weighted
SOHS representation of Hay(x1,...,x,) with rational coefficients: if the columns
of S are indexed by <z1,...,x,>4, then

*
Hgd(xl,...,:cn) = E >‘j Sij, Sj = E Sj,w w.
J

WELTL,...,Tn>d
1
Example 2.4. Let n =2 and d = 1. Then w = [i;] and Go1 = [i ﬂ = S*AS,
2
in which § = [(1) ﬂ and A = diag(1, 3), so Sw = [“1‘;2%5”2] and hence
Hz(xl, LUQ) = (xl —+ %1’2)*(1'1 + %.’EQ) + %l’;l’z,
which reduces to (4). If 1 and 2o commute, we recover ha(x1,x2) = 22 +x 29 +23.

Example 2.5. Let n =2 and d = 2. Then G35 = S*AS, in which

11 1 1 1 1
L 1 7 7 3 1
11 1 1 1 5
_ |14 6 6 4 _ _ 9
G272 = |1 1 1 1] S = 1 1 9 y and A= 5
4 6 6 4 48
11 1 9 1 0
6 4 4

5 5 : . 2,1 1 1,2
Thus, Hy(w1,22) = 5781+ 55552 + 455553, in which s = 27 + 72122 + 72021 + 573,
S9 = :c%, and s3 = x1To+Tox +2x§. If 1 and x5 commute, we recover hy(x1,x2) =
x‘ll + x?xg + x%x% + xlxg + x%.

There is a reason we focus on NCHS polynomials and a noncommutative version
of Hunter’s theorem, instead of analogues for more general Schur polynomials:

Remark 2.6. In the commutative landscape, nonnegativity of CHS polynomials
can be viewed as a special case of nonnegativity of Schur polynomials for even
partitions. To every partition A F d with n nonnegative parts one assigns the
Schur polynomial sy(z1,...,z,) (see [Sta99, Section 7.10] for the definition). Then,
ha(w1,...,%0) = S(4,0,...0(®1,...,7,). In general, if all the parts of A are even,
the polynomial sy(x1,...,x,) is nonnegative on R™ (see Speyer’s response [Taol7]
using the bialternant formula in terms of Vandermonde-like determinants [Sta99,
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Section 7.15] and Descartes’ rule of signs). However, while the noncommutative
polynomial o(hog(z1,...,x,)) is globally positive semidefinite by Proposition 2.2,
this is no longer true for o(sy(x1,...,x,)) with a general even .

For example, sz 9)(21,22) = 2223, and thus

1
2.2 2 2 2.2
o (s,2)(21,72)) = 5 (2723 + 21227132 + T125T1 + ToxTT2 + ToT1W2T1 + T3TT)

This noncommutative polynomial evaluates to %[% 2] # 0 at the pair of hermitian
matrices [ 9], [% 3]. This agrees with the heuristic that fully symmetrized noncom-
mutative lifts of nonnegative polynomials are usually not positive semidefinite, and
this somewhat distinguishes CHS polynomials from general Schur polynomials.

3. SHARP LOWER BOUND

In order to establish an exact quantitative version of positivity for NCHS poly-
nomials, we require two further matrices. For n,d € N, let Mmd and M,, 4 be square
matrices indexed by [21,...,2,]a and <y, ..., 2,>q, respectively, whose (27, x9)
entries for j = 1,2,...,n are 1, and all the other entries are 0. Both Mmd and M, 4
are diagonal projections of rank n. The next lemma indicates the role of M, 4 in

estimating the NCHS polynomials.

Lemma 3.1. Let n,d € N and p € R. The following are equivalent.

(i) Hog(X1,..., X)) = (X294 .-+ X29) for all hermitian operators X, ..., X,
on a Hilbert space.

(i) Hog(X1,..., Xn) = p(X32 4+ -+ + X29) for all symmetric K x K matrices
X1,..., Xy, where K = ”d:_ll_l

(115) Gp,a— puy, q is positive semidefinite.

Proof. Clearly, (i) = (ii). Let f, = Hog(z1,...,2n) — p(z3d + -+ + 229); then
fu=w"(Gn,qa—puMy,q)w, where w is the column vector of words in <1, ..., z,>q.
Thus, (ili) = (i). If f, is positive semidefinite on all symmetric K x K matrices,
then it is a sum of hermitian squares in R<zy,...,x,> [MP05, Theorem 1.1 and
Remark 1.2]. Since f,, is homogeneous, the corresponding hermitian squares are
homogeneous, so f, = w*Pw for some P = 0. By homogeneity, Gy ,qa — pMp,q = P,
so (ii) = (iii). O

For n,d € N, let us define p,, 4 as the largest ;1 € R that satisfies the equivalent
statements in Lemma 3.1,

Pn,d = Max {M e R: Hgd(Xh...,Xn) > /L(X%d'i“i‘X,Zld) for all XJ}
=max{y € R: Gy g — pM, 4 = 0}.

The second line in (8) justifies the use of maximum instead of supremum (also by
compactness, since it suffices to restrict to K x K contractions X; by Lemma 3.1(ii)
and homogeneity). The number pu, 4, nonnegative by Proposition 2.2, is the largest
lower bound on Hy4(x1,...,x,) with respect to the noncommutative positive form
22 4 .. 4 224 Clearly, 14 = 1. As an auxiliary step towards a closed-form
expression for p, 4, we require some partial information about the inverse of én,d
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which exists by Proposition 2.1(i)). Using combinatorial means, we calculate the
y ~
preimage of ¢ under G,, 4 as follows.

Proposition 3.2. Let n,d € N. The map é;,ti Rz, . xn]a = Rz, ..., 20]a
sends x‘f to
n—1+d d
( d ) a—ifd\ (n—1+d\ , .
s PO U G SRRt
i=0

Proof. Write the polynomial above as > c,v. We want to show that

UE[xlw--axn]d

: _ d
Z (é,md)u’v ey = {1 ifu= zy,

0 otherwise.
vE[T1,...,Tn]d

That is, for nonnegative integers ¢4, ..., ¢, with ¢; +--- + £, = d, we claim that
dek (AN (n—=1+d\ (d—k)! (b1 4+ k) by + kp)!
Z (=™ k k kol ook | (2d)! ©)
e 1 1 2 n :

n—1+2d
equals (7,27{1“)) if 1 = d and 0 otherwise. We can rewrite (9) as
d

d! Z (—1)i (n—1+d> 0y + k) (0 + k)

(Qd)! kid-tk,=d kl k‘1!-~-k‘n!
a & dek, (n—1+d\ ({1 +F)! (g + ko)l (€ + k)
- (2d)! 21 < k1 )kl! 2 ool - Joy '
k1=0 kot +kn=d—k1

By the binomial coefficient reflection (Z:k) = (—l)k(_ek_l) [GKP94, (5.14) on page
164] and generalized Vandermonde’s convolution [GKP94, (5.27) on page 170 and
Exercise 5.62 on page 248],
Z (g + ko)l (L, + kp)!
Kot thn=d—k1 kol - Kl

R Z <£22‘2k’2)“.(€n2‘kn>

kot +kp=d—k1

. —l—1 4, —1
SCUC T DR (A B ()

kot hn=d—k1

(==l —(n—1)

—f ) p 1 (—1)¢ R 2 n

)

Thus, (9) becomes

4G dep. (n—1+d\ ({1 + k1)! g [(—lo— =ty —(n—1)
_ 1 AT g, (—1)4F

(2d)! 2. (D) ( Ky ) TR ( d—Fk

k1=0

_dwl!-..en!zd: n—1+d\(b+k\(l—d-n+1
T (2d)! ky ky d—k )

k1=0
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Setting m = n — 1 + d, it suffices to prove

Zd:<m> (€+k> (E—m)_ (") if ¢ =d,
—\kJ\ k J\d=k) o if ¢ < d.

This is a consequence of the following calculation, valid for a general ¢ € Z,

(D=5 E00)

> (DO - id(éﬁﬂﬁ()(.ﬁ
(D) -S005)0)
(IO -2OE0-00)

j= i
where we used Vandermonde’s convolution [GKP94, (5.27) on page 170] twice. O

M- 1M

<.
I
=)

d—

kv

I
<

- 11

I
=)

J

Since fin, 4 is the optimal lower bound for Haq(z1,...,2,) by the definition (8),
the following derivation of a closed formula for y,, 4 completes the proof of Theorem
1.1(ii).

Proposition 3.3. Let n,d € N with n > 2. Then

("2

RIGEE)

where A =1 if d is odd and A =n — 1 if d is even.

Hn,d =

Proof. For simplicity, we suppress the subscripts in Gn,d7Mn,daén,d7Mn,do By
Lemma 3.1,

Pn,q = max{p € R: G — uM > 0}. (10)

We first claim that ker G C ker M. Let f € ker G. Then #(f) = 0 by Proposition
2.1. Since m is abelianization, no term of f is a scalar multiple of ac‘j. Thus,
f € ker M by the definition of M.

Since ker G C ker M, we can consider (10) modulo ker G = ker TNR<x1, . .., Tp>4-
That is, it suffices to work with G and M instead of G and M , respectively. Hence,

fin.g = max{p € R: G — uM = 0}. (11)
Recall that G is positive definite by Proposition 2.1 and M is the diagonal projection
onto span{x?, ..., 2%}, Let us reorder [z1,...,2,]q so that it starts with 2¢,... 22,
and write

~ |A B* ~ I 0
G4 T] wa 5[
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with respect to {z¢,...,2} and [z1,...,7,]a \ {z¢,...,2}. By (11),

A—pul B*
= : >
tn,d max{uER [ B C’} 0}

=max {y € R: (A= B*C™'B) — ul = 0},

SO fin.q is the smallest eigenvalue of the Schur complement A — B*C~'B. Note
that G/ := (A — B*C~'B)~! is the principal block of G~! indexed by z¢,..., z.
Since G is invariant under permutations of x1, ..., x, in its row and column indices
simultaneously, its inverse G! displays the same invariance. Hence, all the off-
diagonal entries of G’ are the same, and all the diagonal entries of G’ are the same.

By Proposition 3.2, the diagonal and the off-diagonal terms of G’ are

(n—1+d)2 (v-1+d)
poi= (mry o= D sy
od 2d

respectively. Indeed, Proposition 3.2 encodes the first column of é‘l, as follows.
If p is the polynomial that maps to ¢ under G, then po (the (1,1) entry of G—1)
is the coefficient of z¢ in p, and p; (the (2,1) entry of G~1) is the coefficient of x4
in p. The spectrum of G’ is therefore {po + (n — 1)p1, po — p1}, so the spectrum of
A—B*C7'Bis {(po+ (n—1)p1)7%, (po — p1)~*}. Thus,

1 . :e
fin.q = 4 PoF(=Dpr if d is even,
" L if d is odd,

pPoO—pP1
which gives the desired formula. O

In the spirit of Hunter’s theorem, here is the best lower bound valid for every n.

Corollary 3.4. Let d € N. For all n € N and hermitian operators X1, ..., X,,

1
Hog(X1,. .., Xn) = Gl (X2 4 x24)
d
and this is the optimal n-independent bound.
Proof. The sequence of optimal bounds (g q4), is monotonically decreasing, and
the formula in Proposition 3.3 implies

o U @ (2 (@) (247

where an underscored exponent denotes a falling factorial. (I

4. REMARKS

We conclude the paper with certain subtle aspects of exact lower bounds for
NCHS polynomials, the consequences of Theorem 1.1 for positivity of the classical
CHS polynomials, and two open problems.

Proposition 3.3 gives the sharp lower bound on Hagy(z1, ..., 2,) in terms of x%d—i—
-+-+ 224 In particular, since pi,, 4 > 0, it implies that Hog(x1,...,2,) is a definite
form, in the sense that

ker Hog(Xq,...,X,) =ker Xy N---Nker X,,
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for all hermitian operators X;. The next lemma illustrates that in the noncommu-
tative context, not all forms are suitable for bounding Hoy(z1, ..., z,) from below.

Proposition 4.1. Let n,d € N, withn > 2 and d > 3. There is no 3 > 0 such that
Hog(X1,..., X)) = B(XZ + - + X2)? is positive semidefinite for all symmetric

) dt+1
K x K matrices X1,...,X,, where K = "— :

Proof. Let <a2,...,22>4 C <x1,...,7,>24 denote the set of words in 2%,... 2.

Observe that
(224 +22)d = > w. (12)
we<z?,...,x2>q

Let B,, 4 be the square matrix indexed by <z1,...,z,>4 and defined by

1 ifuve<a? ... 22>,
(Bn,d)u,o = .
0 otherwise.

Then B, 4 is positive semidefinite; as with G, 4, we may view it as a linear map
R<zy,..., x> = R<zy, ..., >4,

Let 8 > 0. Then Hog(w1,...,2,) — B(2? + -+ + 22)? = w*(Gp.a — BBn.a)W
by (12), where w is the column vector of words in <z1,...,z,>4. As in the
proof of Lemma 3.1 we see using [MP05, Theorem 1.1 and Remark 1.2] that
Hog(w1, ..., 2n)—B(x2+- - -+22)4 is positive semidefinite on all n-tuples of symmet-
ric K x K matrices if and only if G,, ¢— 8By ¢ = 0. Now let f = x‘f—‘r‘(zlx%fx%zl) IS
R<xy,...,2p>q. Then n(f) = 0 and so f € kerG, 4 by Proposition 2.1, yet
f ¢ ker B, 4. Hence, Gy, g — BBpq % 0. O

Next, we specialize Theorem 1.1 to scalar variables, which gives rise to a new
lower bound for classical CHS polynomials.

Corollary 4.2. Let d,n € N. For every x € R™,

Mn.d
haa(x) > #IIXII%“

Proof. On one hand, haq(x) > jin.q4|/%[|32 by Theorem 1.1. On the other hand,

£2d

[x)13% < n?=1||x||3¢ by a standard estimate between ¢* and ¢?? norms on R”. [

Remark 4.3. Let us compare the estimate from Corollary 4.2 with the estimate

in Hunter’s theorem hoq(x) > 575(x[|3%. For a fixed n, the factor 235 decays

exponentially in d (since the binomial coefficients in p,, 4 are polynomials in d),
while the factor sim decays factorially in d. Thus,

244!
Hin,d > 1 when d>n
nd—1 244! ’
so as d — o0, our lower bound on ho4(x1,...,x,) is ultimately better than the

original lower bound provided by Hunter’s theorem.

When d = 1, the identity Ha(z1,...,2n) — (2 + -+ +22) = L(@1 + -+ +
x,)? shows that p, 1 is also the optimal bound for hs(z1,...,x,), and tightness
is attained on the hyperplane z; + - -- + x,, = 0. Analogous conclusions fail when
d = 2, as shown by the following example.



NONCOMMUTATIVE HUNTER’S THEOREM 11

Example 4.4. We demonstrate explicitly some subtleties of 1, q in the case n =
d = 2. First, while the constants p, 4 are optimal for NCHS polynomials, they are
not tight for CHS polynomials. Concretely, Lagrange multipliers show that

1
min  hy(z1,22) = =
x%—i—:cg:l 4( 1 2) 27
so hy(z1,22) > 3(2t + 23) for all (z1,22) € R?, and 1 is optimal.
Secondly, since a9 = 1—52 < %, Proposition 3.3 establishes that Hy (X7, X3) =
3 (X{ 4 X3) for all hermitian operators X1, X, and 75 is optimal. To see the last
assertion in a more direct way, consider the one-parametric family of matrix pairs

1 1 1 1
X1(t) = ¢t [1 \/m] and  Xs(t) = _¢_1t [1 \/2254613]
2¢2 2¢)72

for t € (0, {/ &), where ¢ = % The (1,1) entry of X;(t)* + X2(¢)* is 1, and the

(1,1) entry of hy(X1(t), X2(t)) is (1 + 25t*). Thus, the (1,1) entry of

h4(X1(t)7X2(t)) — % (Xl(t)4 + Xg(t)4)

goes to 0 as t — 0, demonstrating that there is no better bound than 1—52

The reason behind demonstrating optimality of 1—52 with a family of matrix pairs
instead of a single matrix pair is the following claim: for every pair of symmetric
k x k matrices X1, X there exists ¢ > 0 such that Hy (X1, X2) = (3 +¢)(X{+X3).
That is, for each pair there exists a better bound than 1—52,
that would hold for all pairs; note that this does not contradict the fact that ps o
is the maximum (not just the supremum) as in (8). To prove the above claim, we

first observe that

but not a better one

5
ker (H4(X1, X5) — E(X;1 + X§)> = ker X Nker Xo. (13)
Indeed, the SOHS representation
5 1, 5
Hy(zq1,22) — E(x‘f +13) = 215151 + 225252
where
51 =22 + 254+ 2(xy +12)? and sy = 27 — 23,

shows that Hy (X7, X2)v = 0 implies s1(X7, X2)v = 0, and then X;v = Xov = 0.
Ife > 0 is the ratio between the smallest positive eigenvalue of Hy(X1, X2)— 3 (X{+
X3) and the largest eigenvalue of X{ + X3, then (13) implies that Hy(X;, X2) =
(33 + o) (X1 + X3).

Example 4.4 leads us to speculate the following.

Conjecture 4.5. Let n,d > 2. For all tuples of hermitian operators Xy, ..., X,
on a Hilbert space,

ker (Haq(X1, ..., Xn) — pna(Xi% + -+ X2%)) = ker X1 N -+ Nker X,,.
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3
x%xz + xr1x011 + xlxg —+ ach% + Tox1To + x%xl + §x§

9
xlmg —+ xox129 + x%m + 533%

1 1 T + %II?Q
3
1 | %2
1 1 1
2 1 |22+ 1212 + 30221 + 537%
5 2
9 | T2
= + + 223
18 1o ToX1 x5
3, 1.2 1 T 2 | 1 2 1 1.2 1.3
3| 1 | ay+ o122 + 12221 + {52125 + 52227 + j5L2T1%2 + 52301 + 5525
e 3
16 | T2
7
180
7
30 4, 1.3 1.2 .22 1 2 T T 2
4 1 x7] + FT1T2 + gL1T2%1 + 552123 + FT1T2T] + 55 L1221 T2 + 55 L1521
1 3,1 3 1 2 1 1 2 1,.2,.2
+%xlx2 + gT2TY] + 55 L2T1T2 + 55 L2T122%1 + 56 L2125 + 28 L2 %7
1,2 1.3 1,4
T 56 L2T1%2 + 5T5T1 + 75T
9 4
25 | T2

3 2 2,22 2, 2 2 2 3 3
115 | Ti%2 + x{T221 + FX1TY + z1200] + 3T12221T2 + FT1X5T1 + ET125

3, 2 2 2 3 2,2,.2,2 3,2
+xoxy] + 3T2T1T2 + 3T2T122T1 —+ FT2T1T7 -+ 35T -+ FTRT1T2
—|—%3:§x1 + %x%

3 2 2 3 4
100 | T1%5 + X125 + 232122 + wHwy + 825

545 x%m% + 120129 + xlxgxl + %mw% + xgx%wg + Tox1x271 + %xgxlxg

a3zt + Jada 2o + 2adzy + 623

TABLE 1. SOHS representations of Hag(x1,z2) = Y., Aisis; for
d=1,2,3,4.

There are two immediate consequences of Conjecture 4.5. First, the equality
Hoyg(X1,..., Xp) = pna(X3 + - + X24) would hold if and only if X; = --- =
X, = 0. Second, for every tuple of hermitian matrices X1,...,X,, there would
exist € > 0 such that Hoq(X1,...,Xpn) = (Un,a+ e)(XZ 4 ... + X3"), by the same
argument as in Example 4.4.

Let us conclude with another conjecture. Table 1 displays SOHS representa-
tions of Hog(z1,22) for d < 4. A reader may notice that only polynomials with
nonnegative coefficients appear in Table 1. This is a consequence of G, 4 being a
completely positive matrix, which has been verified for small n,d. Here, a matrix
is completely positive if it factors as S*.S for a nonnegative matrix S. This notion
arises in combinatorial and nonconvex quadratic optimization [BSMO03].

Conjecture 4.6. The matriz Gy, q is completely positive for all n,d € N.

In the context of this paper, Conjecture 4.6 implies that every NCHS polyno-
mial admits an SOHS representation involving only polynomials with nonnegative
coefficients, that is, an SOHS representation without any term cancellations.
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