
Real free loci of linear matrix pencils

Jurij Volčič
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Let A1, . . . , Ag ∈ Md(C). The formal affine linear combination L = I −
∑

j Ajxj ,

where xj are freely noncommuting variables, is called a (monic) linear pencil
of size d. If all Aj are hermitian matrices, then L is a hermitian pencil. Linear
pencils appear in various areas, from matrix theory and real algebraic geometry to
convex optimization and control theory. In the spirit of free real algebraic geometry
and free analysis, the evaluation of L at a point X = (X1, . . . , Xg) ∈ Mn(C)g is
defined using the (Kronecker) tensor product

L(X) = I ⊗ I −
g∑

i=1

Ai ⊗Xi ∈ Mnd(C),

giving rise to the free (singular) locus,

Z (L) =
⋃
n∈N

Zn(L), where Zn(L) = {X ∈ Mn(C)g : det(L(X)) = 0} .

Clearly, each Zn(L) is an algebraic subset of Mn(C)g. If L is a hermitian pencil,
Zn(L) is closed under conjugate transposition and thus has a natural real struc-
ture. In this case we also consider the real points of Zn(L), namely the set of
tuples of hermitian matrices in Zn(L), denoted Z h

n (L). The set

Z h(L) =
⋃
n∈N

Z h
n (L)

is called the free real locus of L. Zariski closures of boundaries of free spectra-
hedra [2], singularity sets of noncommutative rational functions [3, 4], and “free
real algebraic hypersurfaces” are examples of free real loci.

In [6, Theorems 3.6 and 5.4] we solved the inclusion problem for free real loci
in terms of algebras generated by the coefficients of the corresponding pencils.
For L = I −

∑
iAixi and L′ = I −

∑
iA

′
ixi of sizes d and d′, respectively, let

A ⊆ Md(C) and A′ ⊆ Md′(C) be the C-algebras generated by A1, . . . , Ag and
A′

1, . . . , A
′
g, respectively. Let radA denote the Jacobson radical of A.

Theorem 1. Let L and L̃ be as above. Then Z (L) ⊆ Z (L̃) if and only if there

exists a homomorphism Ã/ rad Ã → A/ radA induced by Ãi 7→ Ai.

If L and L̃ are hermitian, then Z h(L) ⊆ Z h(L̃) if and only if there exists a

∗-homomorphism Ã → A induced by Ãi → Ai.

The proof proceeds in three steps. First we show that the Jacobson radical
of the coefficient algebra is irrelevant for the free locus using the theory of trace
identities on n × n matrices. Then we use an algebraization trick to relate the
multiplicative structure of the coefficient algebra with points in the free locus.
Finally, the second part of Theorem 1 follows by the properties of hyperbolic
polynomials, i.e., the real variety Zn(L) is Zariski dense in Zn(L). In particular,

1



we see that for a hermitian pencils, the inclusion of free loci Z (L) ⊆ Z (L̃) is

equivalent to the inclusion of free real loci Z h(L) ⊆ Z h(L̃).
Theorem 1 presents the foundation for a more precise analysis of free loci. If the

coefficients of L generate Md(C), then we say that L is an irreducible pencil. If
L and L′ are irreducible pencils and Z (L) ⊆ Z (L′), then Z (L) = Z (L′). In this
case L′ and L are similar and moreover unitarily similar if they are hermitian [6,
Theorem 3.11 and Corollary 5.5]. A free locus is irreducible if it is not a union
of smaller free loci. By [6, Proposition 3.12], a free locus is irreducible if and only
if it is a free locus of some irreducible pencil.

By applying Burnside’s theorem on existence of subspaces to the coefficient
algebra of the pencil it follows that every monic pencil L is similar to a pencil of
the form

(1)


L1 ? · · · ?

0
. . .

. . .
...

...
. . . Lm ?

0 · · · 0 I

 ,

where Lk are irreducible pencils.
From the definition it does not follow that an irreducible free locus restricts to

an irreducible hypersurface in Mg
n(C). Indeed, let

A1 =

1 0 0
1 1 0
0 0 0

 , A2 =

0 0 1
0 0 1
0 1 0

 .

Then one can check that A1, A2 generate the full algebra of 3× 3 matrices and

det(I − ξ1A1 − ξ2A2) = (1− ξ1 + ξ2)(1− ξ1 − ξ2).

Hence L = I − A1x1 − A2x2 is an irreducible pencil but the surface Z1(L) is
not irreducible. However, in a forthcoming paper [5] we show that if Z (L) is an
irreducible locus, then Zn(L) is irreducible in Mg

n(C) for large enough n. Moreover,
we prove that the determinant of the pencil is irreducible in the following sense.

For n ∈ N let Ξ(n) = (Ξ
(n)
1 , . . . ,Ξ

(n)
g ) be the tuple of n × n generic matrices, i.e.,

matrices whose entries are independent commuting variables.

Theorem 2. If L is an irreducible pencil, then there exists n0 ∈ N such that
detL(Ξ(n)) is an irreducible polynomial for all n ≥ n0.

Let us say a few words about the proof. We apply the first fundamental the-
orem for the action of GLn(C) on Mg

n(C) with simultaneous conjugation and the
algebraization trick to establish the following: if detL′(Ξ(n)) is irreducible for all
n ≥ n1, where L′ = I −

∑
j Ajxj −Aj′Aj′′xg+1, then detL(Ξ(n)) is irreducible for

all n ≥ 2n1. Theorem 2 is then proved by induction on generation of d×d matrices
by the coefficients of L and using the fact that the determinant of a generic matrix
is irreducible. While the bound on n0 constructed through the proof is exponential
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with respect to the size of L, one might believe that there exists a linear bound
on n0.

As an application of Theorem 2 we can inspect smooth points on the boundary
of a free spectrahedron (LMI domain). Let L be a hermitian monic pencil of size
d and let Dn(L) be the set of tuples of n× n hermitian matrices X making L(X)
positive semidefinite. The set

D(L) =
⋃
n∈N
Dn(L)

is the free spectrahedron of L. Also denote

∂D(L) =
⋃
n∈N

∂Dn(L), ∂Dn(L) = Dn(L) ∩Z h
n (L),

∂1D(L) =
⋃
n∈N

∂1Dn(L), ∂1Dn(L) = {X ∈ ∂Dn(L) : dim kerL(X) = 1}.

Hence ∂D(L) is the boundary of the free spectrahedron D(L) and it is easy to see
that if ∂1Dn(L) 6= ∅, then ∂1Dn(L) are precisely the smooth points of ∂Dn(L).
However, it is not a priori clear that ∂1D(L) is nonempty and this question is
related to a matrix theory problem known as Kippenhahn’s conjecture.

A hermitian monic pencil L is LMI-minimal if it is of minimal size among all
hermitian pencils L′ satisfying D(L′) = D(L). Note that if L and L′ are irreducible
hermitian pencils, then Z (L) = Z (L′) implies D(L) = D(L′). Using Burnside’s
theorem and the hermitian structure of L we see that L is unitarily similar to
L1 ⊕ · · · ⊕ Lm, where Li are pairwise non-similar irreducible hermitian pencils.

For LMI-minimal hermitian pencils we can prove the following density result
on smooth points.

Corollary 3. Let L be a LMI-minimal hermitian pencil. Then there exists n0 ∈ N
such that ∂1Dn(L) is Zariski dense in Zn(L) for all n ≥ n0.

The proof of Corollary 3 applies Theorem 2 and properties of hyperbolic poly-
nomials. The density of ∂1D(L) in D(L) is important in the study of free analytic
maps between free spectrahedra [1].
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