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QUANTUM MAX d-CUT VIA QUDIT SWAP OPERATORS
IGOR KLEP, TEA STREKELJ, AND JURIJ VOLCIC

ABSTRACT. Quantum Max Cut (QMC) problem for systems of qubits is an example of
a 2-local Hamiltonian problem, and a prominent paradigm in computational complexity
theory. This paper investigates the algebraic structure of a higher-dimensional analog of
the QMC problem for systems of qudits. The Quantum Max d-Cut (d-QMC) problem
asks for the largest eigenvalue of a Hamiltonian on a graph with n vertices whose edges
correspond to swap operators acting on (C?)®". The algebra generated by the swap
operators is identified as a quotient of a free algebra modulo symmetric group relations
and a single additional relation of degree d. This presentation leads to a tailored hi-
erarchy of semidefinite programs, leveraging noncommutative polynomial optimization
(NPO) methods, that converges to the solution of the d-QMC problem. For complete
bipartite graphs, exact solutions for the d-QMC problem are derived using the repre-
sentation theory of symmetric groups and Littlewood-Richardson coefficients. This in
particular includes the d-QMC problem for clique and star graphs on n vertices, for
all d and n. Lastly, the paper addresses a refined d-QMC problem focused on finding
the largest eigenvalue within each isotypic component (irreducible block) of the graph
Hamiltonian. It is shown that the spectrum of the star graph Hamiltonian distinguishes
between isotypic components of the 3-QMC problem. For general d, low-degree relations
for separating isotypic components are presented, enabling adaptation of the global NPO
hierarchy to efficiently compute the largest eigenvalue in each isotypic component.
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1. INTRODUCTION

The local Hamiltonian problem is a renowned problem in quantum computational com-
plexity theory. It involves determining the largest (or smallest) eigenvalue of a given self-
adjoint matrix H. The input matrix H acts on a space of n qubits and is hence of size
2™ x 2™, It is expressed as a sum of local terms, i.e., for a chosen k < n,

H = Z Hy.

SC{1,...,n}
|S|=k
Here each Hg acts nontrivially only on a subset (of S) of at most k qubits. Such an H is
called a k-local Hamiltonian.

The general k-local Hamiltonian problem is hard to solve; in fact, it belongs to the
Quantum Merlin Arthur (QMA)-hard complexity class [KSV02, KKRO06], which is a
quantum analog of the NP-hard class. Hence, it is easier to approach by considering
its specific instances, either by computing exact arithmetic solutions [LM62] or designing
efficient (polynomial-time) high-precision algorithms to approximate the largest eigen-
value [LVV15]. Additional work was done on approximating the maximum eigenvalue up
to a constant factor [GK12, BH13, BGKT19, HM17], and exploring hardness of computing
ground space properties [GH24-+].

We investigate generalizations of the Quantum Max Cut (QMC) problem, which is a
special instance of the 2-local Hamiltonian problem, and was named by Gharibian and
Parekh [GP19] as a quantum analog of the classical Max Cut problem for the Ising model
(Section 1.1). The QMC problem naturally arises in physics as it seeks the ground state
energy of the anti-ferromagnetic Heisenberg model for a system of interacting particles.
The latter is used to describe magnetic properties of insular crystals, under the assump-
tion that only the interactions of neighbor electrons in a lattice are significant (2-locality)
[Aue94, BDZ08]. The QMC problem has recently become popular within the field of com-
putational complexity theory. It is a simple prototype of a QMA-complete problem [PM17]
and can hence be used for designing approximation algorithms to solve other QMA-hard
problems [AMG20, PT21, PT22+, Lee22, Kin23]. Arithmetic solutions to the QMC prob-
lem are known for certain families of graphs, such as complete bipartite graphs [[.M62]
and one-dimensional chains [LM16]. More recently, second order cone relaxations of the
QMC capable of providing approximations for large graphs were introduced [HTPG24+].

The main objects used to define the QMC Hamiltonian are the Pauli matrices

. 0 1 0 —i 1 0
(Pauli) O'X_|:1 O}’ O'y—|:i O}’ JZ—[O _J.

Together with the identity o7 := I, they form a basis for M,(C). For fixed n let
J%:]2®®]2®0w®12®®12 < MQ(C)®n:M2n(C)
—— ——

k-1 n—=k
with W € {X,Y, Z} and k € N. Now
(1.1) {ow, oy, oy, | W € {1, X,Y, Z}}

is a basis for Man (C).
A QMC Hamiltonian pertains to a given graph G on say n vertices. We denote by
V(G) the vertex set of G and by E(G) the edge set of G.
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Definition 1.1. Let G be a graph on n vertices and edge weights {w;; | (¢,7) € E(G)}.
The Quantum Max Cut (QMC) Hamiltonian is defined as

(Hg) Hg = Z wi; (1 — ool — ool — Jizajé) € Man(C)ga-

(4,)€E(G)
The Quantum Max Cut (QMC) problem is about finding the largest eigenvalue of the
QMC Hamiltonian Hg; that is, the ground state energy of —Hg.

1.1. Connection to the classical Max Cut. The QMC problem is named after the
classical Max Cut (MC) problem [BPT'13] of partitioning the vertices of a given graph into
two sets such that the number or weight of the edges between the two sets is maximized.
Equivalently, if the given graph G has edge set E(G) and edge weights w;; > 0, maximize

1—axz;

2w

(6,5)€E(G)
over all possible evaluations at x; € {£1}. Note that the MC problem is equivalent to the
“diagonal” modification of the QMC problem, where the 0% 0% and %0 terms in (7s)
are dropped. Alternatively, while the QMC problem seeks the ground state energy of the
Heisenberg XXX model, classical MC problem seeks the ground state energy of the Ising
model (without an external field).

Solving the MC problem in general is NP-hard, thus several approximation algo-
rithms were developed. The most famous approximation algorithm is by Goemans and
Williamson [GW95], and is based on semidefinite programming (SDP) [BPT13]. It can
be understood as the first level of Lasserre’s Moment-SOS (Sum-of-Squares) hierarchy of
SDP relaxations [Lse01] (see also [Lau09, HKL20, Nie23]) that give a converging sequence
of upper bounds to the exact solution of the MC problem. Raghavendra [Rag08, Rag09]
showed, assuming the Unique Games Conjecture of Khot [[Kho02], that no polynomial-
time algorithm for the MC problem is better than the Goemans-Williamson algorithm
(unless P=NP).

1.2. Quantum Max Cut. To tackle the QMC problem, the algebraic structure of the
QMC Hamiltonian is investigated in [BCEHK24, TRZ23+]. This approach starts by
rephrasing Hg in terms of the swap matrices Swap;;."

Definition 1.2. For fixed n and 1 < i < j < n, the swap matrix Swap;; € M (C) is
defined by sending any rank one tensor

Ul@...@)vi@...@%@...@%e(CQ)@m
to the rank one tensor
VIR RV R QY ®u, € (C?)®,

where v, € C2.

One can directly compute that any swap matrix Swap;; is expressed in terms of the
Pauli matrices as

1 o o o
(1.2) Swap,; = 5([ + o' 0% + oy0y + 0y0%).

'Physics literature often calls these SWAP or exchange operators [NC10].
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Using (1.2), the QMC Hamiltonian (H¢;) can be expressed in terms of the swap matrices
rather than the Pauli matrices (1.1).

Proposition 1.3. The QMC Hamiltonian from (Hc) is given in terms of the swap ma-
trices Swap;; as

(1.3) Hg = Z 2w (I — Swap,;).
(4,)€E(G)

1.3. Swap matrices on general qudit spaces. In this article we consider the QMC
problem on qudits instead of qubits. As qudits store more information than qubits,
systems of interacting qudits are a natural framework for quantum computing with less
resources [WHSK20]. Here, the swap matrices Swapgl) act on (C%)®" for some d > 2. In
analogy with the d = 2 case, they act as transpositions on n-qudit states.

Definition 1.4. For fixed n and 1 < i < j < n, the (qudit) swap matrix Swapgj) is
defined by its action on rank one tensors as

Swap(d)(m®"'®Ui®"‘®7}j®"'®vn):U1®"'®Uj®"'®vi®"'®vn

ij

for any v, ...,v, € C%

The action of swap matrices on qudits yields a representation p%d) of S, on (C%)%"
defined by

AT (1 @+ B ) = Upa(y @+ @ Uy

We denote the image p.” (C[S,]), which is a subalgebra of My (C), by M5¥¢(C). It is
called the d-swap algebra. Guided by the expression (1.3) of the QMC Hamiltonian in

terms of the swap matrices, one can define the Quantum Max d-Cut Hamiltonian via the
qudit swap matrices Swapgj).

Definition 1.5. Let G be a graph on n vertices and edge weights {w;; | (¢,7) € E(G)}.
The Quantum Max d-Cut (d-QMC) Hamiltonian is defined as

(HY) HE = Z 2w;; (I - Swapgj)> :
(1,7)€E(G)

The d-QMC problem again asks for the largest eigenvalue of the d-QMC Hamiltonian
Hg in (H). The problem is motivated by determining ground state energies of SU(d)-
Heisenberg models on lattices [KT07, BAMC09, PM21]. While the QMC problem is
the quantum analog of the classical MC problem, the d-QMC problem is the quantum
analog of the d-MC problem pertaining to maximal d-colorable subgraphs, and the anti-
ferromagnetic d-state Potts model [F.J97]. The d-QMC problem was first considered in
this context by [CJKIKW23+] in 2023. There the authors define the d-QMC Hamiltonian
with the use of the Gell-Mann matrices, which are a generalization of the Pauli matrices
to any size d x d. We give more insight into this approach and show that is equivalent to
ours in Section 1.5 below.

In order to develop an algebraic toolbox for solving the d-QMC problem, it is essential
to determine the precise relations that define the d-swap algebra. Since the transpositions
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(i,7) generate S, the swap matrices generate M5V¢(C). Hence, similar to the transposi-
tions, for distinct indices 7, 7, k, [, the swap matrices satisfy the relations

(vaapg;l))2 =1,
(@)

(1.4) Swapg? Swap,(ﬁ) = Swap,(j) Swap;;’,

Swapg;l) Swap%) = Swapgz) Swapgg) = Swap%) Swapg,‘?.

For d = 2, it is known (see [BCEHK24, Theorem 3.6] and [TRZ23+, Theorem 3.8,
and [Pro07, Theorem 11.6.1] for general d) that the swap matrices additionally satisfy the
degree-reducing relation

(1.5) Swapg) Swapﬁ) + Swapﬁ) Swapg) = Swap,(;?) + Swapﬁ) + Swapgz) -1,

and that the symmetric group relations (1.4) together with the degree-reducing relation
(1.5) precisely define M5¥2(C). In Section 3 we show that the general swap matrices
Swapz(»j) are also characterized by a (slightly more complicated) degree-reducing relation;

see Proposition 3.1.

1.4. Main results. This paper applies the representation theory of the symmetric group
S, to explore and take advantage of the algebraic structure and symmetries inherent to
the d-QMC problem. Throughout the text, we refer to irreducible representations as
irreps. Our contributions are as follows.

1.4.1. Defining relations of the d-swap algebra. In Section 4, we identify the d-swap alge-
bra M5¥¢(C) as a quotient of the free algebra generated by the (3) freely noncommuting
variables swap,; for 1 < < j <n. For k € N denote

(1.6) cr = Z SWap;,;, SWapP;,;, =+ SWap; ;. -
1<io, ... in<d
pairwise distinct,
i9<i; for j>1
Theorem 4.3 below states that M>%¢(C) is isomorphic to the quotient of the free algebra
C(swap;;: 1 <i < j <n) modulo the relations

swap?j =1,

sWap;;SWapy, = SWapyswap;;,
Cq=Cq—1—Cq—o2+ -+ (—1)d7101 + (—1)d.

We acknowledge that this isomorphism may not be new to experts in representation
theory, who will recognize the last equation in (1.7) as the vanishing of an antisymmetrizer
of d + 1 vectors on (C%)®" (e.g., [Pro07, Section 11.6]). Nevertheless, in Section 3 we
provide an elementary and self-contained proof that the last relation in (1.7) completely
determines M>%¢(C) as the quotient of the group algebra of S,. To achieve this, the
Schur-Weyl duality is invoked to assess the precise decomposition of M>V¢(C) into irreps,
as follows.

Theorem 2.2. The d-swap algebra M3%4(C) decomposes into a direct sum of simple
algebras generated by the irreps py of S, corresponding to partitions of n with at most d
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rows,

M(C) = ) pa(CS,).

AFn
ht(\)<d

1.4.2. NPO hierarchy for the d-QMC problem. A widely used approach for solving lo-
cal Hamiltonian problems is through semidefinite programming (SDP) relaxations and
noncommutative polynomial optimization (NPO) [NPA08, PNA10, DLTWO08, BKP16].
While the d-QMC problem is already an SDP of the form

max tr(pHg)  subject to p = 0 and tr(p) =1,
p

this formulation is hopeless for large n because the semidefinite constraint is a d" x d"
matrix. Instead, one needs to explore the 2-locality of the d-QMC problem. As in the case
of the classical MC, one can define a hierarchy of SDP relaxations which can be computed
efficiently, i.e., in polynomial time, and give upper bounds to the true maximum eigenvalue
of H [BH13, BGKT19, GP19, PT21, HO22]. However, due to the exponential growth of
the size of the matrices, only the first few levels are tractable.

Having identified the d-swap algebra as a quotient of the free algebra C(swap,;) in
Section 4, the d-QMC problem is written as a more efficient instance of a NPO problem
in Section 5. The d-QMC Hamiltonian Hg is represented by an element hg € C(swap;;),
and its largest eigenvalue is

o, =min {a : @ — he is a sum of hermitian squares in C(swap,;) modulo (1.7)} .

By adapting the non-commutative Sum-of-Squares hierarchy (ncSoS) from [BCEHK24],
we give a sequence of semidefinite programs (SDPs) whose solutions approximate a, from
above. This scheme is specifically tailored to the algebraic structure of the swap matrices
defining the d-QMC Hamiltonian. Since the d-swap algebra satisfies the symmetric group
relations, this hierarchy is exact at level n — 1. For large graphs G, only the first few
levels of the hierarchy are practical for computations. For this reason we also focus on
low-degree relations of swap matrices, which play a role in the construction of the SDPs
for the first two levels of the hierarchy. Appendices A and B provide explicit bases for
products of swap operators of low degree.

1.4.3. Ezact solutions for cliques and star graphs. In Section 6 we turn our attention to
computing the exact solutions to the d-QMC problem for certain families of graphs. To
achieve this, we explore the isotypic structure of d-QMC Hamiltonians. Given a partition
A F n, the A-block of a d-QMC Hamiltonian is its isotypic component corresponding to
px under the isomorphism of Theorem 2.2 above. The d-QMC problem for cliques K,
on n vertices is easiest to address as the isotypic blocks of the corresponding d-QMC
Hamiltonian are scalar matrices (see Lemma 6.4). Let 7, denote the eigenvalue of the
block corresponding to the partition A. The following theorem gives an explicit expression
of X\ in terms of its rows Ay, ..., Ay, and identifies the partition A that maximizes n,; i.e.,
the solution to the d-QMC problem for an n-clique K, is computed.

Theorem 1.6. For any A+ n with rows A\y > -+ > g > 1,
d

=t + = 1>6(2d b ST w—(k-1))”

k=1
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The maximum value of ny among all partitions A F n with ht(\) < d is obtained at

n-—r n—r n-—r n-—r
)\:<1 L , )
T N d

d—r

J/

forn =7 mod d. The solution to the d-QMC problem for an n-clique hence equals

n2 _ r2

n*+(d—Dn+r*—r(d+1) -

For the proof of Theorem 1.6 see Proposition 6.7 and Corollary 6.8. We acknowledge
that the solution to the d-QMC problem for an n-clique K,, (the second part of Theorem
1.6) has already been derived in [ACGNORVL234, Theorem 4.1], in the context of ex-
changeability (or clique graph extendibility) of Werner states. Nevertheless, the explicit
formula for 7, in the first part of Theorem 1.6 is essential for tackling the d-QMC problem
on a more general class of graphs.

Towards this goal, we refine a principle from [BCEHK24] called clique decomposition. Tt
expresses the d-QMC Hamiltonian of a given graph as an alternating sum of Hamiltonians
of cliques and simpler graphs in a way that is suitable for eigenvalue analysis. A graph
with a simple clique decomposition is the star graph %, on n vertices, on which we focus
in Section 7.1. The relation

*, =K, — K,
holds, where the minus sign means deleting from K,, the edges that appear in K,,_;. This
decomposition was used in [BCEHK24] to show that the solution to the 2-QMC problem
for the star graph %, is 2n, attained at the partition A = (n—1,1). Extending this result,
we solve the d-QMC problem for .

Theorem 7.2. If A = (\1,...,A\q) F n has d rows Ay > -+ > Ny, then the eigenvalues of
the A-block of the d-QMC Hamiltonian Hin form a subset of

{2(n—=XM),2(n =X+ 1), ..., 2(n—Ag+d—1)}

containing the value n, = 2(n — A\g + d — 1). Hence, the solution to the d-QMC problem
for %, is 2(n + d — 2), obtained by plugging \g = 1 into 2(n — A\g +d — 1).

1.4.4. FEzxact solutions for complete bipartite graphs. Star graphs are special cases of com-
plete bipartite graphs. In Section 7.2, we use the clique decomposition to exactly solve
the d-QMC problem for complete bipartite graphs K,,_j ;. Without loss of generality,
n > 2k.

Definition 1.7. Let A = (A1,...,Af) Fnandlet 1 <e < f. Then ¢ = (A,..., ) is a
head, and § = (Aet1,...,As) is a tail of A. The partition A is balanced if A\; — Ay < 1.

The statement of Theorem 7.26 involves three parameters associated to the problem

data (n, k, d):
eozmax{ee{l,...,d—l}: {”;kJ > [dfeu,

(1.8) elzmin{ee{l,...,d—l}: L:Jz{n;k”,
e*_d n — 2k q:LnJ-

= — 4+ ,
2 2(q+1)
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If the set in the definition of ey is empty (e.g., n =5,k =2, d =2), weset e =d — 1.
We shall also need
¢ := {e | the balanced partition of n — k of height e is a subpartition of

the balanced partition of n of height d},
which is a discrete interval in {eg,eq+1, ..., e;} by Lemma 7.24, and contains {eq+1, eg+
2,...,e; — 1} by Lemma 7.25.

Theorem 7.26. Let n > 2k and n > d. Let e, be the closest integer in &€ to e*. Then
the solution to the d-QMC problem for K, _i is the biggest of the following three values

™ = Ny — Nu,
where = n — k 1s balanced of height e, v = k is balanced of height d — e, A\ F n is built
by merging (and sorting) the parts of u,v, and e is one of eq, ey, €.

The proof of Theorem 7.26 occupies the entire Section 7. It also provides some more
details as to the value of e in Theorem 7.26 for a given (n, k,d). Particularly simple are
the statements for “unbalancing” triples (n, k,d), where & = () (cf. Definition 7.15), and
for the QMC problem on qubits (d = 2).

Corollary 7.20. Suppose (n,k,d) is unbalancing. Let dk = r mod n for 0 < r < n. If
re{k,k+1,...,n—1}, then the solution to the d-QMC problem for K, i\ is

k
2% Qd(1 _ E>J +n—k> .
Otherwise the solution is

k
2(n — k) (d— Ld(u-)J —1+k:).
n
Corollary 7.12. The solution to the 2-QMC problem for K, is 2k(1 +n — k).

Example 1.8. Let us compare the d-QMC problem for complete bipartite graphs and
the formula in Theorem 7.26 with the assertions in the earlier work [JSZ22+]. Therein,
the authors investigate the extendibility of bipartite Werner states of local dimension d.
The parameters ny = n — k and ng = k refer to the number of parties (divided into
two groups pertaining to the original two parties) that share an extension of the original
bipartite state. By [JSZ22+4, Eq. (4)], the investigated problem reduces to finding the
smallest eigenvalue av,_j k.4 of

If B—kkq denotes the solution to the d-QMC problem for K, _, then 8, i x4 is the

largest eigenvalue of
H}i(n_kk = Z 2 (I — Swapgj)> ,

i=1,..k
j=k+1,...,n

and therefore

(19) ﬂn*’%’ﬁd = 2k(n — k’)(l — an,k7k7d).

A formula for oy kg is proposed in [J5Z224, Eq. (16)]. There may be a typographical

lapse in [J5Z22+, Eq. (16)]; the said formula involves the expression -4 = 2=k while
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the preceding paragraph in [JSZ22+] perhaps suggests that nji‘;‘lB = d(nn_k) should be
used in its place instead. Both variants of this formula yield values compatible with those
from Theorem 7.26 for small values of parameters n, k,d. However, in general there are
disparities, as follows.

Let (n,k,d) = (6,3,4). This is a balancing triple, and £,_j x4 = 28 by Theorem 7.26.
More precisely, in this case we have € = {1, 2} and (e, €*,e1) = (1,2, 3), and the maximal
value 28 is given by Theorem 7.26(b) at A = (2,2,1,1) and u = v = (2,1). Alternatively,
this can be verified by a brute-force calculation of the largest eigenvalue of the 4096 x 4096
Hamiltonian H}i(nfk’k. In contrast, both variants of [JSZ22+, Eq. (16)] evaluate ay,—k kq
as —3, which contradicts the straightforward relation (1.9).

1.4.5. Separation of irreps. In Section 8, we refine the NPO hierarchy for the d-QMC
problem, with the intention of calculating the maximum eigenvalue of the A-block in HY,
corresponding to a given irrep of S,, given by the partition A = n. The idea is to find
low-degree polynomials that distinguish distinct irreps indexed by partitions with at most

d rows. In Theorem 8.4 we show that irreps of .S,, are separated by the polynomials ¢ of
degree k from (1.6). This leads to an NPO formulation of the localized d-QMC problem.

Theorem 1.9. Let A = n have at most d rows. There are constants v1,...,%v4—1 € Z such
that the largest eigenvalue of the A-block in HE equals

min {a o — hg is a sum of hermitian squares in C(swap,;)
modulo (1.7) and ¢; =1, ..., C4_1 = fyd,l}.

The NPO problem in Theorem 1.9 can be tackled with an NPA-like hierarchy of SDPs,
and the values 7, can be evaluated using explicit Lassalle’s character formulas for cycles
in S, [Lsa08].

We also consider distinguishability of irreps of S,, from the perspective of the d-QMC
problem. As d-QMC Hamiltonians can only admit A-blocks for A - n with at most d rows,
one can only hope to distinguish such irreps through the d-QMC problem. For d = 2, it
is known that the value 7, itself separates irreps with at most two rows [BCEHK24]; in
other words, the spectrum of the Hamiltonian for K, separates irreps with at most two
rows. This is not the case anymore for d > 2. However, we show that for d = 3, the
spectrum of the 3-QMC Hamiltonian for %, separates irreps with at most three rows.

Theorem 1.10. Let A\, i = n be partitions with at most three rows. Then X = u if and
only if the spectra of the A-block and the p-block of Hin coincide.

See Proposition 8.2 for the proof. For general d,n € N, we leave it as an open problem
whether there exist graphs Gy, ..., Gy on n vertices such that for all A\, u - n with at most
d rows, A = pu if and only if the spectra of the A-block and the p-block of H&_ coincide
foralle=1,...,¢.

1.5. Comparison with the work of Carlson, Jorquera, Kolla, Kordonowy, Way-
land. The d-QMC problem was introduced in [CJKKW23+], where it was defined via a
generalization of the Pauli matrices to arbitrary size d x d, called Gell-Mann matrices.

1.5.1. The Gell-Mann matrices. For each d > 2, there is a family of d> — 1 trace zero
self-adjoint matrices, which, together with the identity I;, form a basis for M,;(C). More
concretely, for d = 2 these are the Pauli matrices, and for d > 3 there are three kinds of
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d x d Gell-Mann matrices (see Appendices B.2 and B.5, where these matrices are given
explicitly for d = 3 and d = 4, respectively):

symmetric: /\Z%;Id =FEop + By, 1<a<b<d,
antisymmetric: /\ng'md =1(Epy — Eap), 1<a<b<d,
(1.10) diagonal: )\d )\d a0, 2<k<d,
= 2 (I 1—d
d= (La—1 & ( ))-

d(d—1)

Here, E,; are standard matrix units, and [;_; is the identity of size d — 1. Note that
there are (g) (non-diagonal) symmetric, (g) antisymmetric and d — 1 diagonal matrices.
Summing up we get 2(}) +d —1=d(d—1) +d—1 = d*> — 1 as expected. For fixed d
denote by GM (d) the set consisting of the d*> — 1 Gell-Mann d x d matrices of size d X d,
together with the identity 1.

As for the Pauli matrices, define for a fixed n € N,

N=I® - IAI® &I € Mu(C)
—1
s
for any A € GM (d). By definition, X and A} commute for any i # j and A, \y € GM (d),
and
(1.11) AN AE | N €EGM(d), j=1,...,n}
is a basis of My (C).

1.5.2. The d-QMC Hamiltonian via the Gell-Mann matrices. The formula (1.2) expressing

(2)

the swap matrices Swap;;” in terms of products of Pauli matrices, i.e., with respect to the

basis (1.11) for d = 2, can be generalized to an arbitrary d as shown below.

Proposition 1.11. For any i < j we have

(1.12) Swap\! = - I + SO AN
,\eGM(d

Proof. Denote the right-hand side of (1.12) by R. Since (1.12) only involves two indices
1,7 we may assume n = 2 and prove that R acts the same as Swapgl)
the form v,, =¢e,®e¢, € C?®@ C? for 1 < p,q < d.

If p = ¢, then only the diagonal Gell-Mann matrices \¢ for p < k < d act nontrivially

on basis vectors of

OonN Vp 4,
1 1 2 2
Rvp,p = Eep & €p + 5 < m(l —p)6p> X ( m(l —p)ep>

2
"2 Z( G )®< jw—wep)

<1 L1, d 1 )
=\ Y Up,p = Upp-
d p  2=iG-1)
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Finally, if p < ¢, then in addition to /\i for g < k < d, also )\;?;ld and )\;?gmd act nontrivially
on v, 4 and they both map it to vy,

1 1 2 2
= — — R - 1 _
Rup q d€p®eq + 5 < (g — 1)610) ® < (g — 1)( Q)eq)

32 () (V)

1 1
+§eq®6p+§eq®ep
d
1 1 1
=\77 57" Z (O )Unq—i_vq,p:vq,p- u
(d ¢ A0 -1)

Note that by (1.12), the d-QMC Hamiltonian can be expressed in terms of the d x d
Gell-Mann matrices as

(1.13) = ) 2wy | —— Z AN

(1,J)€E(G) /\EGM(d
where GM (d) denotes the set of all d x d Gell-Mann matrices. This is in fact the form of
the d-QMC Hamiltonian used in [CJKKW23+].

An advantage of our approach is that it incorporates algebraically all symmetries in-
herent to the d-QMC problem. Computations (such as the NPO relaxations in Section 5
the clique decomposition in Section 6 or the decompositions along irreps) with HZ, as in
(HZ) scale better with both n and d or are only made possible once one passes to qudit
swap matrices championed in this paper.

Acknowledgments. The authors thank Darij Grinberg for sharing enlightening com-
ments and his expertise in representation theory, and Dmitry Grinko for bringing to our
attention the relationship between the Quantum Max d-Cut and extendibility of symmet-
ric bipartite states, and recent developments on the latter topic.

2. PRELIMINARIES ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP

In this section we review some standard elements of the representation theory of sym-
metric groups that are used throughout this paper; for a comprehensive source, see, e.g.,
[FHI1, Pro07]. For n € N we denote by S,, the symmetric group on n elements, i.e., the
group of permutations of n elements. A representation of S,, is a group homomorphism
p S, = GL(V) for a vector space V, also called S,-module. Any representation p of
S, naturally defines a representation p of the group algebra C[S,] of S,,. The resulting
representation p : C[S,] — End(V) is defined by

(X o) = Tt

TESR TESR

For simplicity, the letter p often refers to both the representation of S,, and the represen-
tation of C[S,].

2.1. Irreducible representations of the symmetric group. An S,-module V is ir-
reducible if its only nontrivial submodule is V. Throughout we abbreviate irreducible
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representation by irrep and use the terms irrep and irreducible module interchangeably.
Note that by Maschke’s theorem [Pro07, Section 6.1.5], any S,-module V' decomposes as
a direct sum of irreducible S,,-modules.

It is well-known that the irreducible S,-modules are indexed by partitions A of n (often
denoted by A F n), where

A=A ) ENF N> 2020, Y N=n

The number of summands £ is called the height of A and denoted k£ = ht(\). A partition
A F nis usually depicted by its Young diagram. A Young diagram of shape A has k rows
and the i-th row consists of \; boxes. For example, if A\ = (5,3,2) I 10, then ht(\) = 3
and its Young diagram is

A Young tableau of shape )\ is a Young diagram whose boxes are filled with numbers
1,...,n such that each box gets a different integer. The symmetric group S, acts on a
Young tableau t of shape A = n by permuting the entries of ¢. This action defines an
equivalence relation, where two tableaux are equivalent if one can be obtained from the
other by permuting the entries within each of the rows. Equivalence classes with respect
to this relation are called tabloids.

The irreducible S,-module V) corresponding to the partition A - n is called a Specht
module and it has a well-known basis consisting of polytabloids

er = Z sgn(m)m{T}.
weCr
Here T ranges over all tabloids of shape A, C'r is the set of all permutations that permute

the elements only within the columns of 7" and for each m € Cp, 7{T} is the tabloid
obtained from 7" by permuting the entries according to .

2.2. Schur-Weyl duality. As a complex representation of S,,, the d-swap algebra M5V (C)
is semisimple. Key to solving the d-QMC problem for certain graphs is the precise knowl-
edge of the block decomposition of M5%¥¢(C) into simple matrix algebras. We now explain
how this block decomposition can be deduced using the Schur-Weyl duality of the actions
of S, and GL4(C) on ((Cd)®n (see e.g. [FHI1, Section 6.1] or [Pro07, Section 7.1.2]). The
natural representation of GL4(C) on (C?) “" is defined by the diagonal action; g € GLy(C)
acts on the tensor product of vy, ..., v, € C? by

n(9) (1@ -+ @ vn) = g(v1) ® -+ @ g(vn).

The actions of S,, and GL4(C) on ((Cd)®n commute and there is a bijection between the
irreducible modules of S,, and GL4(C). This interplay between permutations of parti-
cles and change of coordinates is indispensable in investigating qudit systems, see e.g.
[GNW21]. Furthermore, if A is a partition of n, then to the irreducible module V) of S,
corresponds (up to isomorphism) exactly one irreducible module L) of GL4(C) and L,
are precisely the maps from V), to (Cd) “" that commute with the action of Sh,

L>\ = HOHlSn(VA, (Cd)®n)
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It is well-known that L) is nonzero precisely when A is a partition with at most d rows
[Pro07, Proposition 9.3.1]. In fact, the dimensions of the modules L, can be explicitly
computed by the Weyl character formula [Pro07, Section 9.6.2].

The next proposition is a restatement of the Schur-Weyl duality [Pro07, Theorem 9.3.1]
for S,, and GL4(C), taking into account [Pro07, Proposition 9.3.1].

Proposition 2.1. The algebras M>%¥4(C) and (,(GL4(C)) are centralizers of one an-
other inside End((@d)®n) = Myn(C), and with respect to the action of the direct product
GL4(C) x Sy, the space (Cd)@m decomposes as

(2.1) )= P Lia

AFn
ht(\)<d

Since 5, acts trivially on each Ly, the space ((Cd) on decomposes as an S,-module into
irreducible modules V) (with multiplicities) as follows

Cd ®HN @ lem(L,\)

AFn
ht(\)<d

As a corollary we get the desired decomposition of the d-swap algebra M5V¢(C).

Theorem 2.2. The d-swap algebra decomposes into a direct sum of simple algebras gen-
erated by the irreps py of S, corresponding to partitions of n with at most d rows,

MSWd(C)g @ P)\ (CS @ Mdlm V>\

AFn AFn
ht(\)<d ht(\)<d

Proof. Using (2.1) we deduce that as a GL4(C)-module, the space (C?)®™ decomposes as
(Cd ®n ~ @ LdlmV)\

A-n
ht(M\)<d

Now considering the GL,4(C)-endomorphisms on both sides gives the desired result. In-
deed, the GLg4(C)-endomorphisms of (C%)®" are by definition the endomorphisms of
(CH®" that commute with the action of GL4(C). By the Schur-Weyl duality these are
precisely the elements from the d-swap algebra M5V¢(C). On the other hand,

EndGLd(C)< @ L/\dim(V/\)> _ @ EndGLd ( dim( Vx))

AFn AFn
ht(\)<d ht(\)<d

= @D Maim (End(Ly)7)

AFn
ht(\)<d

@ M gim(vy)(C) u

AFn
ht(\)<d

I

Remark 2.3. The dimension of any irreducible S,,-module V) can be computed via the
well-known hook length formula (see Section 6 for some explicit calculations).
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3. DEGREE-REDUCING RELATION FOR QUDIT SWAP MATRICES

It is known (see, e.g. [Pro07, Section 9.3]) that, in addition to the symmetric group
axioms, the swap matrices Swapgj) also satisfy a degree-reducing relation of degree d. For
instance, (1.5) above is such an equation for d = 2. We now present the general form
of the degree-reducing relation for general d, and, for the reader’s convenience, give an
elementary and self-contained proof.

Since the symmetric group is generated by transpositions, each permutation can be
written as a product of transpositions (non-uniquely). For fixed d and k = 1,...,d let Cj
be the set of all products of k swap matrices that arise from permutations on a subset of
d + 1 letters, which cannot be written as a product of less than k transpositions (i.e., to
each permutation we assign one product). The next proposition gives the analog of the
relation (1.5) in the case of a general d.

Proposition 3.1. The swap matrices Swapg;l) satisfy the following degree-reducing rela-
tion
(3.1) Dos= > 5= > st ()T s+ (=

seCy seCy_1 seCy_o seCy

Remark 3.2. We often simplify the notation of sums involving products of swap matrices
(e.g., the ones in (3.1)) by summing over (a subset of) the symmetric group and using
the fact that every product of swap matrices corresponds to a permutation of the tensor
factors of (C4)®". On the other hand, every such permutation can be written as a product
Z(j) in a non-redundant way, i.e., relations (1.4) are applied to
simplify the expression as much as possible.

of swap matrices Swap

Remark 3.3. Note that it is enough to assume that the d + 1 letters in Equation (3.1)
are the numbers 1,...,d+ 1. In fact, an analogous equation with indices from some other
(d + 1)-subset J of {1,...,n} can be obtained by conjugating Equation (3.1) with any
permutation sending {1,...,d + 1} to J.

Example 3.4. Equation (3.1) for d = 3 with (i, j, k, l) = (1,2,3,4) is as follows:

Swap12) Swap(%) Swap + Swap12 Swap(3) Swap + Swap13) Swapg?’% Swap(?’) +

(3) (3) (3) _

Swap13) Swap(g) Swap,, + SwapM) Swap(3) Swapsys + Swap14 vaap4 sowapz, =

Swap12 Swap13 + vaaup12 SwapM + Swap12 Swap23 + Swapm) Swapéﬁ +

Swap12 Swap34 + Swap13 SwapM + vazaup13 Swap24 + Swap Swapg4) +

vaap14 Swapgg, + Swap23 Swap§4 + Swap23 Swap§4) —

Swap§2) _ Swap — Swap — Swap — Swapgi) _ SW&pgi) 11

Remark 3.5. Equation (3.1) can be written in a more condensed form as

Z sgn(s)s =0,

SGSd+1

saying that the antisymmetrizer on d + 1 letters equals zero (see [Pro07, Section 9.3.1]).

Here sgn denotes the sign of a permutation and each s is expressed in terms of the swap

matrices Swap@

;; In a non-redundant way as explained in Remark 3.2.

Next is a preliminary lemma on the way to give an elementary proof of Proposition 3.1.
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Lemma 3.6. Let v be of the form e;, ® e;, ® -+ ® e;,,, where iy, € {1,2,...,d} for
m=1,...,k+1 and ezxactly two of the i,, are the same.

Then any cycle of length k + 1 acts on v as a product of k — 1 transpositions and
corresponds to a product of two smaller disjoint cycles (so of length at most k, singletons
also count) such that none of them acts on a subset of the tensor factors of v containing
two equal factors.

Proof. Let o be a cycle of length k& + 1 and suppose without loss of generality that 1 is
the index i,, that appears twice in v (i.e., v has two copies of e;). Divide the letters

.,k + 1 into disjoint tuples Bj, By such that for each ¢, the indices of the factors of
v and o(v) at position k € B; are in the same tuple and none of the tuples contains two
copies of 1. Then o is the product of two disjoint cycles, represented by the tuples By, Bs.
This will also prove that the above set decomposition of {1,...,k 4+ 1} can be done in a
unique way.

The algorithm to find the tuples B; is the following: find a position j; € {1,...,k+ 1}
of one of the two e, in v and assign j, to B;. Then consider the factor e;, of o(v) at
position j;. If 4,,,, = 1, then we add no more elements to B; and start the process all over
again with the second factor e; of v whose position j, is assigned to By. Otherwise, if
my # 1, add j to By and find the position j, of e;,, in v. Consider the factor e;, of o(v)
at position jo and repeat the procedure from before according to whether 4,,, equals 1 or
not. Proceed until the basis vector ¢;, equals e; for some r and we cover all the letters.

Since v only has one index that repeats twice and all the other indices are distinct,
this construction gives the desired cyclic decomposition of ¢ into precisely two shorter
cycles. [

Example 3.7. We provide a concrete example for Lemma 3.6 in the case d = 5 and
n==6 Letv=e Qe ®e3Rey ®es®ep and m = (123456) and set

o =p(x%), i=1,...,6.

Then
o1(v) =e1 e Rea ®Wez®ey ®es = PéS ((1)(23456)) (v),
02(V) =e; Qe Ve ey ey ® ey = péS)((135 246) )(v),
T3(v) =es@es @ e ®er @ ey @ ey = py ((14)(25)(36)) (v),
oi(v) =e3ResQes Qe Qe @ ey = (5 ((135)%(246)*) (v),
05(V) = e ResVeses Rey ey = p6 ((12345)( ))( ).

Proof of Proposition 3.1. First note that it is enough to verify Equation (3.1) on basis
vectors v of (Cd)®(d+l) of the form e;; ® e;, ® -+ ® €;,,,, where 1,,, € {1,2,...,d} for
m =1,...,d+ 1 and exactly two of the i,, are the same. Indeed, if such vectors satisfy
(3.1), then the basis vectors with more recurring indices also satisfy (3.1) (introduce new
indices for the recurring indices, apply the results for the basis vectors as above and then
bring back the old indices). Since (3.1) is invariant under permutation of indices, it is
enough to prove that 3.1 holds for basis vectors v of the form

V=01 Re3Re3R - RegRe.

Lemma 3.6 shows that, when evaluated on such a basis vector, each term s’ in the sum
over Cy cancels with a different term s in the sum over C;_; such that none of the disjoint
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cycles of s acts on a subset of the factors of v with two equal factors. More precisely,
if & =(123---d+ 1) € Cy, the images of v under the powers s', (s')%,..., (s)¢ are the
d permutations with corresponding cyclic structures (1,d), (2,d —1),...,(d, 1) such that
the two factors e; of v are not in the same cycle. Here (i,j) with i + j = d + 1 stands
for a product of two disjoint cycles, one of length ¢ and one of length j. By permuting
the letters of (s')7, we obtain all the elements s in the sum over C;_; corresponding to
products with cyclic structure (i, j) for any 4,7 with ¢ + j = d + 1 that separate the two
factors e; of v.

This means that by applying on v all the terms s’ in the sum over C,, we obtain the
actions on v of all the terms s in the sum over Cy;_; that act on subsets of the factors of
v with no equal factors. Hence, the remaining terms in the sum over C;_; are such that
one of their disjoint cycles acts on a subset of the factors of v with two equal factors. We
then again apply Lemma 3.6 and proceed inductively. [ |

4. IDENTIFYING THE QUDIT SWAP ALGEBRA MSV¢(C) AS A QUOTIENT OF THE FREE
ALGEBRA

Let C(swap;; | 1 < i < j < n) be the free *-algebra on (Z) generators endowed with
the involution * that fixes each swap,; and acts as conjugation on C. For d € N let I5va
be the its ideal generated by

swap?j =1,
(4.1) swap;;Swap,;, = Swap;,Swap,; = swap,,swap;,
SWapijSWapkl - SWapleWapij,
for all distinct indices 14, j, k, [, and the relation in (3.1) with the swap matrices Swapg.l)
replaced by the free variables swap,;. We use the convention that whenever ¢ > j, then
swap,; is interpreted as swap;;. Denote

AV = C(swap;; | 1 < i< j <n)/I"

and observe that there is a natural surjective *-homomorphism p : CS,, — AS¥¢ defined
by

(42) p((0.5)) = swap,; + T3,

The algebras A5V¢ and M5%¢(C) are isomorphic. Indeed, this follows from [Pro07, Theo-
rem 11.6.1]: namely, M5¥¢(C) is isomorphic to C[S,] modulo the two-sided ideal generated

by the antisymmetrizer on d+1 letters (see also [dCP76, Theorem 4.2] or [Gri+, Theorem
2.8.1]). We now present an elementary self-contained argument.

Proposition 4.1. The generators of I5% do not all vanish under the irreps of S, corre-
sponding to partitions A of n with ht(\) > d.

Proof. To show that the swap relations (3.1) are not satisfied by any irrep of S,, corre-
sponding to a partition with at least d + 1 rows, consider an irrep corresponding to a
partition A - n of shape (Ay,...,A\x) with & > d 4+ 1. We know that any irrep of S, is
spanned by polytabloids

er="3" sen(mr{T},

weCrp
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where T' ranges over all tabloids of shape A, Cr is the set of all permutations that permute
the elements only within the columns of T and for each m# € Cp, 7{T} is the tabloid
obtained from T by permuting the entries according to .

Let T be the standard Young tableaux of shape A and consider the action of the
polynomial

g:(—l)d_IZs—i—(—l)d Z s+ (1)1 Z St — Zs—i—l
s€Cy s€Cq_1 s€Cq_s seCy
on the polytabloid ey via
Sij €T = 6(i,j)T~
Choose the indices 1, ...,i4:1 to be 1, A\ + 1,..., A\g + 1 respectively and note that the
coefficient at T in the resulting polytabloid is

(—1)6“rl |Cyl - sgn(s € Cy) + (—1)d |Ca_1] -sgn(s € Cyq) + -+ |Co] - 1= |Ch| - (—1) + 1.

But the latter is strictly positive since, for k = 1,...,d, the sign of the elements in C}, is
(—1)*. This shows that the polynomial g does not vanish under the evaluation s;; = p, (i j)
for the chosen A. Thus the swap relations (3.1) are incompatible with any Young Tableaux
with more than d rows. u

Proposition 4.2. All the irreps of S, corresponding to a partition of n with at most d
rows in its Young tableaux satisfy (3.1).

Proof. For any irrep of S,, corresponding to a partition A - n with at most d rows it is
enough to prove that (3.1) holds when evaluated at basis vectors, i.e., polytabloids

(4.3) er = Z sgn(m)m{T},
weCrp

where T' is any tabloid of shape A. We use the canonical identification between tabloids
T and rank one vectors v € (C%)®" of the form v = ¢;, @ -+ ® ¢;, with i; € {1,...,d}.
Suppose A = (A1,..., ) with \; > A\;4q and let T be a tabloid of shape A. Define v to
be the vector with tensor factors e, at positions, which are the numbers appearing in the
k-th row of T. Now permuting the tensor factors of v is the same as permuting the entries
of T'. The inverse of this procedure assigns to a rank one vector v the tabloid T with k-th
row consisting of the numbers that index the positions of tensor factors e in v. Now the
proof of Equation (3.1) in Section 3 implies that Equation (3.1) holds when evaluated at
each summand in (4.3), from which the claim follows. |

Theorem 4.3. The algebras A3 and M3"¢(C) are isomorphic.

Proof. The algebras M>%¢(C) and AS" are both homomorphic images of the semisimple
finite-dimensional algebra C[S,,]. Therefore M>V¢(C) and A>"¢ and semisimple and finite-
dimensional as well. To show that they are isomorphic, we prove that ASVe and M>V4(C)
have the same block decomposition into simple matrix algebras.

The block decomposition of M5%¢(C) is described in Theorem 2.2. Recall that AS%¥e =
C(swap;; | 1 < i < j < n)/Z3™, where Z;™ is the ideal generated by the relations
(4.1) defining the symmetric group S,, and the degree-reducing relation (3.1), which holds
precisely on the irreps of S, indexed by partitions with at most d rows (see Proposition
4.1 and Proposition 4.2). It is now immediate that the algebras A5%¢ and M5%¥¢(C) have
the same semisimple decomposition. [ |
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5. NPO HIERARCHY

The identification of the swap algebra M5%¢(C) as a quotient of the free algebra in
Section 4 allows one to view the d-QMC as an example of a noncommutative polynomial
optimization (NPO) problem.

Let F,, = C(swap;; | 1 < i < j < n) be the xfree algebra on (}) generators, and
Vi = {s € F,: degs < (} its subspace spanned by the products of at most ¢ swap
symbols. Recall the isomorphism between M>%¢(C) and ASYe = F, /Z5% from Theorem
4.3. We can view the Hamiltonian H¢ from (H¢) as an element of A5, and let

hg = Z 2w (1 — swapij)
(1,4)€E(G)

be the corresponding element in F,,. Since the x-algebra M>%¢(C) is finite-dimensional,
it is a C*-algebra. Therefore the largest eigenvalue of H@ equals

a, =min{a: a — HE = a*a for some a € A"}

:min{a ca—hg = Zs,ﬁsk—l—q for some s, € F,,, q GISW}.
k

For ¢ =1,...,n define two sequences,
(5.1)
oy = min {a ca—hg = (A—l— ngAm> uy for some A,, = AT | and A = O}
and
5:2) oy = min {04 ca—hg = ;s,ﬁsk + ¢ for some s, € Vp, q € Iswd}

= min {a o — hg =u;Au, mod Iswd for some A > O} ,

where u, is a column of products of at most ¢ swap symbols, and the g,, are the generators
of the ideal Z5V¢ as in Section 4. Then a, < a for every ¢, the sequences {a}, and {},
are decreasing, and a,,—1 = o/,_; = a,. The last equality holds since every permutation
in S, is a product of at most n — 1 transpositions, and A" is a quotient of C[S,,].

Clearly, (5.1) is a semidefinite program (SDP). The second line in (5.2) is likewise an
SDP once the calculation modulo Z5%¢ is resolved (see the paragraph below). We refer to
them as the /*" relaxations of the d-QMC. Thus we obtained hierarchies of SDPs whose
solutions converge to the solution of the d-QMC from below. The hierarchy associated
with «} is a very special case of the analog of the Lasserre hierarchy [Lse01] for NPO
that is based on a noncommutative Positivstellensatz [HMO04], and whose dual is the
Navascués-Pironio-Acin hierarchy [NPAOS, PNA10] in quantum physics.

While the expression (5.1) is readily an SDP, it involves more unknowns than (5.2) (i.e.,
in addition to unknowns o and A > 0, it also involves several unknown symmetric A,,).
Thus, it is preferable to work with (5.2). To prepare the linear constraints in the SDP
(5.2) that arise from o — hg = ujAu, mod Z5¥¢ (note that the right-hand side involves
products of at most 2¢ swap symbols), one needs to identify a subset BZ, in V5, that maps
to a basis under the quotient map q : Vay — (Ve + Z5%4)/Z5%4. To do this, one can start
with a basis of Va,, reduce it modulo ITSLWd via a noncommutative Grobner basis algorithm
[Mor86], and then identify a basis B, in the resulting set. Alternatively, one can obtain
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a concrete instance of B4, as follows. In [Pro21], a permutation m € S,, is called (d + 1)-
good if there is no increasing sequence jo < --- < jq such that 7(jo) > --- > 7(ja). By
[Pro21, Theorem 8], (d + 1)-good permutations form a basis of M>%¢(C). For BY, one
can thus choose the set of all (d 4 1)-good permutations that are products of at most 2¢
transpositions.

When / is large, the size of the SDP for ay (i.e., the number of variables, linear con-
straints, and the size of the semidefinite constrain) is typically too large for available
SDP solvers. In practice, one thus often has to settle for computing only the first two
relaxations of a., namely a; and ay. To solve these two SDPs, the sets B and B{ are
required in view of the preceding paragraph. For d = 2, these are given in [BCEHK24,
Subsection 4.3.2 and Appendix B.2]. For d > 5, one can take B¢ (resp. BY) consisting of
all permutations that are products of at most 4 (resp. 2) transpositions; see Appendix A.
For d € {3,4}, the bases are presented in Appendices B.1, B.4 and B.6.

Example 5.1. We computed the first two relaxations of (5.2) in the case d = 3 for
all 853 connected graphs on n = 7 vertices. The list of graphs was generated using
Nauty [MP14]. To construct the SDP forms of (5.2) we used noncommutative Grébner
bases computed with Magma [BCP97]; alternately, the results of Appendices B.1 and
B.4 could be employed. The produced SDPs were solved on a Macbook Air laptop using
Mathematica”. The second relaxation was (up to numerical precision) exact on all seven
vertex graphs. On the other hand, the first relaxation performed very poorly. The
reason is that in low degrees (so degree < 2 when working with the first relaxation) the
nontrivial relation (3.1) defining the 3-swap algebra does not enter computations. One is
thus essentially only optimizing over the corresponding group algebra, where the solution
is trivially found; cf. Subsection 6.1.

Thus the 3-QMC provides a large class of examples where the second NPO relaxation
clearly outperforms the first one.

6. QUANTUM MAX d-CUT AND IRREPS

The decomposition of the d-swap algebra M>%¢(C) described in Section 2.2 is a valuable
tool for calculating the eigenvalues of the qudit Quantum Max Cut Hamiltonian of a
complete graph on n vertices. Recall from (1.3) that given a graph G, the d-QMC irrep
Hamiltonian HY, is defined as

(4,)€E(Q) (4.7)EE(G)
Here the Swapgl) denote the qudit swap matrices in M>%4(C).

Definition 6.1. Let G be a graph on n vertices with edge set E(G) and edge weights w;;.
Let A = n be a partition labelling an irrep of S,,. The QMC irrep Hamiltonian H} is
defined as

Hy=pa| Y 2wy (id—(i )
(1.7)EE(G)
The following is a straightforward corollary of Theorem 2.2.

2https ://www.wolfram.com/mathematica
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Corollary 6.2. The spectrum of the d-QMC Hamiltonian of a graph G is the union of
the spectra of all the Hamiltonians corresponding to the irreps of S, with at most d rows.
That 1is,

cigs(HE) = | elgs(Hp),
AFn
ht(\)<d

and, wn particular,
Cigmax (HG) = max (eigna(Hg))
ht(X\)<d
6.1. Exact solution for sufficiently large d. We record the largest eigenvalue of the
Hamiltonian
(4,7)€E(G)
ifd>n=|V(G)| and w;; > 0 for all (4, j) € E(G).
Proposition 6.3. If all the edge weights in G are nonnegative and d > n, the largest
cigenvalue of HE is 437, - w;.
Proof. Clearly,
I — Swapg;l)

IHEN < ) 2wy =4 wy,
(4,7)€E(G) ,J

so the largest eigenvalue of HE is at most 421’]‘ w;j. If d > n, then

U= Z Sg(T)er(1) ® - -+ ® ex(n)

7T€Sn

satisfies Swapgj)v = —v for all i # j. Therefore Hv = <4 D i wi]-> v. |

Let us end this short subsection with a comment on the case d = n — 1. While
M5%n(C) = C[S,], the swap algebra M ¥»-1(C) is isomorphic to the direct sum of all the
irreps of S,, apart from the one-dimensional sign representation of S,,. The latter is, as
a sub-representation of C[S,], spanned by a = = >~ o sgn(m)7, the antisymmetrizer in
C[S,]. Thus M5¥»-1(C) is, as a C*-algebra, isomorphic to the orthogonal complement of
a in C[S,]. Under this identification, the Hamiltonian H} ™" corresponds to

(6.1) > 2wy(id—(ig) -4 D wy)aeC[S,

(1.1)EE(G) (1.7)EE(G)
because the projection of id —(i j) onto the span of a equals 2a. While (6.1) lacks the
sparsity (2-locality) of H, g_l, it can at least be viewed as an operator on a slightly smaller
space of dimension n! < (n — 1) via the left regular representation of .S,,. We speculate
that M5%»-1(C) differing from C[S,,] only for the (very simple) sign representation might
offer further insight into the (n — 1)-QMC problem, which is currently beyond reach.

6.2. Exact solutions for clique Hamiltonians with uniform edge weights. We now
present the main steps in the computation of the spectrum of the d-QMC Hamiltonian of
a complete graph with uniform edge weights. For the rest of this section we assume all
edge weights w;; = 1.

The clique is the easiest graph for tackling the d-QMC problem since the isotypic
components of the d-QMC Hamiltonian are scalar matrices in this case.
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Lemma 6.4. Let A = n be a partition. Then

(6.2) Hy, =ml,

where Ny s a scalar depending only on the irrep N\ and I is the identity matrix of the
appropriate dimension.

Proof. Follows by [BCEHK24, Lemma 2.11]. |

For any partition A F n, the dimension of the irrep py of .S, is the value of the corre-
sponding character y) : S,, — C at the identity element e € S,,. So

Xa(m) = Tr(pa(m)), ™€ S,
and, in particular,
xx(€e) = Tr(pa(e))
is the dimension of the irrep p, of S,. From Lemma 6.4 if follows that the eigenvalue

Ny can be expressed through the values of the character y, at the identity e and at any
transposition (i 7).

Lemma 6.5. For any A = n let x) be the character corresponding to py and let ny be as
m Lemma 6.4. Then

Proof. For A - n, the constant n, can be explicitly computed by taking the trace on both
sides of (6.2). Indeed, since

Hig, =p| D 2(0-G9) |,

(1,7)€E(G)

we get, by taking the trace, that

Te[Hi ] = Y. 2[ale) —xa(ii)] = 2(Z> Dxae) = xa (i )]

(4,7)€E(G)
On the other hand,
Tr [H;\(n} = xale),

Example 6.6. For a two-row partition A = (n — k, k), it was computed in [BCEHK24,
Lemma 2.12] that

so that

= 2k(n + 1) — 2k>.

We now compute the eigenvalue 7, for any partition A using a formula by Frobenius
[Fro00]. For a more direct approach, where we explicitly compute the value of x, at a
transposition using the well-known hook-length formula, see Appendix C.

Proposition 6.7. Let ny be as in Lemma 6.4. For any A= n with rows Ay > --- > Ay,

(6.4 m=nty MDD Sm - 1)

k=1
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Proof. Let A - n be a partition with rows A\; > --- > A\; > 1. Recall that the conjugate
partition X of A is the partition of n, whose k-th row is the k-th column of \. It follows
from [Fro00, p. 534] (or [Lsa08, Theorem 4]) that for any transposition (i j),

B2 -l

Moreover, by [Sta99, Proposition 1.8.3] we have

i (A;) — i(/@ — DA

=1

Hence,
=)o)
()23 [(3)-(9)
() E[() -0
=n(n—1) +;;Ak —g(Ai —2(k — 1))
=n? — g} (Ar —2(k = 1)\)
:n2+d(d_1)6<2d_1)—;(Ak—(k—m? .
Since W=D — 42 4y (d — 1)2, the formula (6.4) is valid even for A - n with

ht(A) <d,ie, A= (A,...,Aq) with A\ > --- > ;> 0.

Using Proposition 6.7, one can deduce the solution to the d-QMC problem for a clique,
i.e., the maximal 7, where A I n ranges over all partitions with at most d rows. Moreover,
the form (6.4) of 7, eases the computation of the precise partition A F n at which the
maximum is obtained.

Corollary 6.8. The mazimum value of nyx among all partitions X\ = n with ht(\) < d is
obtained at

(6.5) A= <1+

n—r n—r n-—r n—r)

|
d ) Y + d ’\d Y ) dl

T d—r

forn =r mod d. Moreover, the solution to the d-QMC problem for an n-clique is

n2 — 2

(6.6) n+(d—-Dn+r*—r(d+1)—

Proof. The statement for d = n is routine (or see Proposition 6.3). We thus assume d < n.
First, for each partition A F n with e = ht(\) < d we find a partition A F n with

ht(\) = e +1 < d such that n; > 1. Let ¢ be the largest index for which Ao > 1 (¢’
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exists since d < n). Then construct A - n with ht(\) = e + 1 as follows:

>\j 1§j§€,j#€/
A=A —1 j=¢
1 j=e+1.
Now
e—1) ze—1 ©
77,\—77)\—714—( Z)\k_ _1
k=1
+1)e 2e+1) o
(e RSS2 (e )
k=1
:—62—()\6/—(6—1))+()\e/—1—(e—1))2—|—(1—6)2
=2\ +e—¢) <0,
as desired.

Thus the solution to the d-QMC problem is attained at A = n with ht(\) = d. Since
n,d are fixed, maximizing 7, is by Proposition 6.7 equivalent to minimizing
d

(6.7) FO) =3 (e~ (k-1)°

k=1
over partitions A - n with ht(\) = d. That is, ZZ:1 Mo =mnand A\y > g > - > \; > 1.
We claim that any minimizer \* of (6.7) has at most one jump, i.e., A} —\} < 1. Assume
otherwise. Then there are d > k > ¢ > 2 such that
A< SN <N < SN <N << A

We now replace \; with A\f +1 and \; ; with A} ; — 1 to obtain a new partition A - n
with ht(AT) < d. Then

FON) = FA) = (e = (k= 1))" + (\ems — (€ 2))°
— 1= k=) = (Mg —1— (£ =2)°
=2(k—0)+2( -1 — X)) >0,
contradicting the minimality of A*. Since a minimizer A\ of (6.7) satisfies A\; — Ay < 1,
(6.5) follows.

It is routine to check that the solution to the d-QMC problem for an n-clique, obtained
by plugging (6.5) into the formula (6.4) for n,, is in fact (6.6). u

Remark 6.9. The solution (6.6) to the d-QMC problem for an n-clique is indeed an
integer, since
n?—r: (n—r)(n+r)

d d
and n — r is divisible by d (as n = r mod d).

7. GRAPH CLIQUE DECOMPOSITION

In this section we refine an algorithm from [BCEHK24, Section 6], called graph clique
decomposition, to solve the d-QMC problem for a larger family of graphs, namely star
graphs and a large class of complete bipartite graphs. The clique decomposition expresses
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the d-QMC Hamiltonian of a given graph as an alternating sum of d-QMC Hamiltonians
associated with cliques and simple graphs, in a form suitable for eigenvalue analysis.

7.1. Exact solutions for star graphs. Let n > 2, and consider the star graph %, on
n-vertices and observe that if we label the vertices of ¥, so that n corresponds to the
central vertex, then

(7.1) *, =K, — K, 1.
E.g., for n = 8 we have

1

T 2 7 s 2
\8/ B / \

6 /A 3 6\ /3
5 4 5—4

Here, we view K,,_; as a graph on n vertices, in which the vertex n is disconnected from
the rest. This is the clique decomposition of %, which together with the Young branching
rule [Sag01, §2] facilitates the computation of the eigenvalues of Hin significantly. The
spectrum of Hin in the case d = 2 was computed in [BCEHK24]. Note that HS?Z =0 for
the 1-row partition (n) F n.

Example 7.1 ([BCEHK24, Lemma 6.1]). Let n > 2 and A = (Aq, A\2). If Ay > Ay then
Hj‘(n has two eigenvalues

€1 :2(71—)\1), 62:2(n—>\2+1>

If \{ = )y then Hin has only one eigenvalue e; = 2(n — A + 1) = n + 2. The solution to
the 2-QMC problem for %, is 2n, attained at the partition A = (n — 1, 1).

We extend this result by computing the eigenvalues of Hi".

Theorem 7.2. If A = (\,..., ) F n hase < d rows \y > -+ > A\, > 1, then the
eigenvalues of the d-QMC irrep Hamiltonian Hi,n form a subset of

{2(n—=A1),2(n =X+ 1), ..., 2(n—Ac+e—1)}

containing the value n, = 2(n — Ao + e — 1). Hence, the solution to the d-QMC problem
for %, and 2 < d <n is 2(n+d — 2), attained at any partition with Ay = 1.

Proof. By Lemma 6.4, Hy is a scalar matrix for every partition A. From (7.1) we deduce
that Hy is similar to Hy — Hp  ®I; The eigenvalues of Hy  can be computed
using the Young branching rule [Sag01, §2]. It states that the restriction of any irrep, say
labeled by the partition A, of S, to the subgroup S,,_; decomposes as a direct sum of all
the irreps of S,,_; which can be obtained from A by removing one box.

Hence, the eigenvalues of Hin are obtained by subtracting from 7, (which is the single
cigenvalue of Hy ) each of the (at most e) eigenvalues of Hy . Precisely, we use the
following procedure: Let the index j run from e to 1 and let 7, be the eigenvalue of H }{n
and 7,,; the eigenvalue of H }?7'171, where p; is obtained from A by removing one box from
the j-th row. Now let

77*(]) :n)\_nuj = 2(n_)‘j +j - 1)'

As noted, 7, = n.(e) is an eigenvalue of H;‘m if A, > 1, since in this case one can remove
a box from the last row of the Young diagram of A\ to obtain a valid Young diagram of a
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partition of n — 1. Next, consider j = e—1. If Ac_; > A, (hence, A\._1 > 2), then n.(e —1)
is an eigenvalue of H. ’\n, because one box can be removed from A\._; to obtain a valid
partition of n — 1; otherwise, if A._1 = A., proceed to j = e — 2 and so on.

It is now immediate that the largest eigenvalue of H§ (for d < n) is 2(n + d — 2),
which is obtained by plugging j = d and Ay = 1 into the expression for 7,. [

To give a more precise description of the spectrum of Hin for A with ht(\) < d, it
is easier to look at that of nl — %Hi‘,n its eigenvalues are obtained from the strictly
decreasing sequence

A, de—1, ..., —(d—1)
by keeping only the smallest element of any subsequence of consecutive values, and then
removing —(d—1) if necessary. Indeed, the subsequences of consecutive values correspond
to rows in A with equal length (thus when restricting the irrep to S, 1, a box can be
removed only from the lowest such row), while removing —(d — 1) corresponds to the
possibility that A has less than d rows.

As an example we now explicitly present the spectrum of Hin.

Example 7.3. Let A = (\q, A2, A3) be a partition of n with three rows. The d-QMC irrep
Hamiltonian H;‘rn has at most three distinct eigenvalues, namely

(1) if Ay > Ay > A3 then it has three eigenvalues
e1=2n—A3+2), ea=2n—X+1), e3=2(n—X\),
(2) if Ay = Ay > A3 then it has two eigenvalues
ep=2(n—A3+2), ex=2(n—A+1),
(3) if Ay > Ay = A3 then it has two eigenvalues
er =2(n—A3+2), ex=2(n—X\),
(4) if A\; = Ay = A3 then it has one eigenvalue
er=2(n— A3+ 2).
The solution to the 3-QMC problem for %, is 2(n + 1), attained at partition of the form
A= (A, Ao, 1).
Corollary 7.4. Let n > 2. If \, u are partitions of n with distinct parts, then
spec(Hy ) =spec(H) ) <<= A=p.
Remark 7.5. The assumption about distinct parts in Corollary 7.4 is necessary. Indeed,
A=(4,2,2,2,2) and pu = (5,5,1,1) satisfy spec(Hy ,) = {16,28} = spec(H} ). With a

bit more effort, one also can find distinct partitions with equal height such that Hj‘(" and
H in have the same eigenvalues:

A=(8,5,5,5,5,2,2),
w=19,9,4,4,22 2)
satisfy spec(Hy,,) = {24,31,36} = spec(Hy,, ).
7.2. Exact solutions for complete bipartite graphs. The star graph %, from the

previous section is a special example of a complete bipartite graph. We now describe how
the solution to the d-QMC problem can be obtained for a large class of complete bipartite
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graphs K, i with k& < n/2; by this we mean a graph whose vertices are separated into
two subsets N; and N, of size n — k and k respectively, each with no internal connections
and such that every vertex in Nj is connected to every vertex in N,. The complement of
K, _ 1 consists of two cliques K,,_j and K}, (cf. Equation (7.1)), hence

E.g.,if n =6 and k& = 2, then we have

1 \
2 5 6 Q > 9 \ 6
= | | - 2 @ |
3 / 69 T 3 / 5
4
This gives a formula for the d-QMC Hamiltonian Hf, |
H[d(nfk,k = H;l(n - <H;l(n7k®ldk + [dnfk®H;l(k> .

Note that the summands on the right-hand side commute. Thus, for A F n with at most
d rows,

(7.3) Hp =Hy — ((Hk, @'+ (I ® Hg,)").

First, note that Hy is a known scalar matrix (by Lemma 6.4). Second, the matrix
Hy, ,®@1+I1®Hg, belongs to the image of the subspace R[S,,—;|®id 4 id ®R[S)] under the
representation pi of S,. This subspace is contained in the subalgebra C[Sn—-k] ® C[Sk] =
C[Sn—k % Sk] of C[S,]. In order to determine eigenvalues of (7.3), it therefore suffices to
consider the restriction of the irrep A of S, to a representation of S,,_; x S,. The matrices
(Hg, ,®I)* and (I® Hy,)* commute, so the eigenvalues of (Hg, , ® [)*+(I®@ Hg, )" are
sums of matching eigenvalues of (Hg, , ® I)* and (I ® Hg, )*. While the latter matrices
are similar to H ;\( ®I and I ® H ;\( , respectively, the transition matrices involved in

n—k,k

similarities are dlstlnct because prOJectlng to the irrep A\ within pn does not preserve
the tensor decomposition (C?)®("=%) @ (C?)®*. To compute the eigenvalues of (7.3), one
therefore needs to understand how the restriction of the irrep A on S, to S,_r X Sk
decomposes as a direct sum of irreducible representations of S, x Si. Similarly to the
case of the star graph, a branching rule is invoked, this time the Littlewood-Richardson
rule [Sag01, Section 4.9] together with the Frobenius reciprocity [Sag01, Theorem 1.12.6].
More precisely, the restriction of the irreducible module of S, corresponding to A F n
decomposes as

(7.4) ViSeS — Dy (V@ V)%,

puFn—~k,
vk

where ¢}, is the Littlewood-Richardson coefficient [Sag01, Section 4.9]. Combining (7.3)
and (7.4), the eigenvalues of Hy _  are

—k,k
(7.5) AN, g, v) =0y — (. + )

over all pairs of ;1= n — k and v I k such that the Littlewood-Richardson coefficient c;\w
is nonzero.



28 I. KLEP, T. STREKELJ, AND J. VOLCIC

7.3. Balanced partitions and Littlewood-Richardson coefficients. In order to ex-
plain which triples of partitions (A, i, v) are admissible in (7.5), we introduce some further
terminology. Let p be contained in A, in the sense that p; < \; for all 7. A filling T" of the

skew Young diagram A/p with natural numbers is a Littlewood-Richardson (LR) tableau
if

(1) it is a semistandard Young tableau (its entries weakly increase along each row and
strictly increase down each column), and

(2) the concatenation of reversed rows in T is a lattice word (a word in which every
prefix contains at least as many is as (i + 1)s).

The content of a tableau T is the partition whose i-th part counts the number of is in 7.
By [Sag01, Theorem 4.9.4], the Littlewood-Richardson coefficient cfw counts the number
of Littlewood-Richardson tableaux of shape A/u with content v.

Remark 7.6. To apply the clique decomposition with more than two summands to the
d-QMC problem, let

H — Hgvl ® Idnfnl + Id”l ® Hgg ® Idnfnlan + ce + Idnfnr ® Hér’

where the graphs GG; act on pairwise disjoint sets of indices of size n; with n;+---+n, = n.
Then

H* = (HE, @ Lpn-n ) 4+ 4 (Ign-nr @ HE )
and the eigenvalues of H* are of the form
o+ -+ A,y

where «; are eigenvalues of Hé, and \; F n; are such that the iterated LR coefficient
Ci\\lp--,)\r is nonzero. The iterated LR coefficients are inductively defined via the usual LR

coefficients ¢, ), ., (see [KLMSI12, GL20]). In fact,

oy = Z Cgl,...,m_l ¢, = Z Cgllxzcg Ag ‘Cg«:ix,«_lcékfzxra
(Fn—ny C1yeesCr—2
where (; - ny + - - - +n;. The iterated LR coefficients are also invariant under any permu-
tation of the partitions.
In the special case when G; = K,,, for all 4, the eigenvalues of H* are of the form

/W i o/ DV

where A; = n; are such that Cﬁl,...,/\r is nonzero.

The above observation may be used to reduce the d-QMC problem for a given graph G
to simpler d-QMC problems. Every graph GG admits a unique tree clique decomposition
[BCEHK24, Theorem 6.3] as a signed sum of simpler graphs G; (e.g., a complete bipartite
graph is a clique minus two cliques as in (7.2)). The Hamiltonian Hg then decomposes
as a signed sum of Hamiltonians Hg, [BCEHK24, Theorem 6.5]. Hence, the iterated LR
coefficients dictate as above how eigenvalues of H) express as signed sums of eigenvalues
of H E\; 2 In particular, if G is a signed sum of cliques, the iterated LR coefficients and the
formula (6.4) for 7, give a combinatorial approach to solving the d-QMC for G.

3n [BCEHK24, Section 6.5], it is erroneously asserted that eigenvalues of H, é are signed Minkowski sums
of eigenvalues of H, é’ for all A; (without the non-vanishing condition on the iterated LR coefficients).
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Definition 7.7. Let A+ n and p F n — k be such that p is contained in A\. We say that
A/p is a minimal LR tableau if it is a LR tableau, where (going left to right, top to
bottom) each box is filled with the smallest possible number. If w is the concatenation of
reversed rows of \/u, we shall say that the box-count for i and i + 1 fails if w has a prefix
that contains more (i 4+ 1)s than is.

Lemma 7.8. The expression (7.5) is mazximized at partitions \Fn, ubn—k and v+ k
such that each row of \ coincides either with a row of p or a row of v. For such partitions
the coefficient cfw s nonzero.

Proof. Let jo be the smallest index such that A;; > pu;, (hence \; = p; for all j =
1,...,j50—1). Now construct a partition uf = n — k from p by moving the last box of the
last (e-th) row of u to the jo-th row of . Hence, ,u}o = pj, + 1 and pu! = p. — 1, while
all the other rows of u! coincide with those of . Note that by the definition of jo, this
construction really gives a (valid) partition, i.e., u}o < ,u;o_l and u}o < Xjo-

We claim that cf;l, > 0 implies C;/)h/ > 0. Note that if \/p is a LR tableau, its first row
only contains 1s. Assume w.l.g. that A/p is a minimal LR tableau. When constructing
u', one box from the first row of A/ (i.e., the jo-th row of \) gets moved right after the
p-squares in the e-th row of . Doing so, the obtained \/u! may not be a LR tableau as the
lattice word property may fail. However, A/u' can be relabeled so that the lattice word
property is reestablished as we now explain. The case when the \/u' fails the lattice word
property is when A/u starts with a block of two rows of equal length as in the following
example.

1[1
[12]2

Since A/p is a minimal LR tableau and the column numbers need to be strictly increasing,
the second row of A/ must be all 2s. Thus, removing one box from the first row of of A/
results in failing the lattice word property. To fix this, relabel the first 2 appearing in the
second row of of A/u to a 1 and relabel the 1 that was moved to the e-th row of u to a 2
(call this box ). Also, move the latter 2 to the right after potential 1s appearing in this
row. Since this operation is performed in the last row of of \/u, the increasing/strictly
increasing properties of rows and columns are preserved.

1 1
212 1(2

1[1 . 1[1
[1]1[2]2 [1]2]2]2

This fixes the box-count for the numbers 1 and 2, but potentially ruins the count for
the numbers 2 and 3. Note that when enumerating a minimal LR tableau, we need to
switch to a higher number, say from 2 to 3, in two cases: if we run out of 2s, in which
case the aforementioned relabeling does not ruin the box-count, or if there is a row right
below the current one, which shares columns with the one we are at. This means that the
box-count for the numbers 2 and 3 needs to be restored if the third row of \/u shares as
many columns with the second row as there are 2s in the second row. In this case relabel
the first 3 appearing in that row to a 2 and relabel the 2 in the % box to a 3. Then shift,
if needed, the x box to the right after the 2s appearing in that row. Note that doing so
the columns are still strictly increasing. Repeating this relabeling inductively produces a
correct enumeration of A/u' so that C;\m, > 0.
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Now if p. > 1,
M= M = M — (M — Nt — M)
= (o — Jo+1)* = (uly = Jo+ 1) + (e — e+ 1)* = (uf — e+ 1)
= _2(1_j+€+uj0 _,ue) <0,
Otherwise, if p. = 1, then uf has e — 1 rows and we get
M= = = (3 = 1t =) = (g = Jo + 1) = (ufy = Jo + 1) + (e — e+ 1)
efe—1)(2e—1) (e—1)(e—2)(2¢—3)
+
6 6
= —2+2j — 2e — 24, + 24 + (€ — pe)* — (e — 1)
=2j —2e—2u;, <0

By symmetry, the same holds for v instead of u. Finally, it is clear that the coefficient

cl’)y is positive if x4 and v are as in the statement of the lemma. Indeed, \/u of of shape

v and can be enumerated by putting v; copies of j in the j-th row for all j. [
Lemma 7.9. The ezpression (7.5) is mazimized when the partitions ptn—k and v+ k
are balanced.

Proof. Choose the largest index k, for which there is an [ > k such that Ay = p;, Ay = 1,
for some i < j and A\; — Ay > 2. Then construct A (and u') by moving a box from X; (i
resp.) to Ay (u; resp.). Note that by the choice of k, the obtained AT and u are indeed
valid partitions. Then

Me—k+ 124+ (M —E+1)

=M = M — (Mt = Nt — M) = — (
— N =l =1+ 1)?
+
+

+ (i — i1 = (pf =i+ 1)

pi—J+1) = (uh—j+1)°
=2(j—i1—1l+k)<0

since clearly, j — ¢ < [ — k. After repeating this procedure inductively we deduce that a
balanced p gives the highest value of (7.5). Since the procedure does not affect v and the
rows of u are still disjoint from the rows of v, the coefficient cl’:w is nonzero. By symmetry,
the same holds for v instead of pu. [

Lemma 7.10. The expression (7.5) is mazimized when the partition A+ n has height d.

Proof. If A = n has height f < d, let [y be the biggest index such that )\, > 1. The
partition AT - n is obtained from \ by moving the last box of the ly-th row of A to a new
row (so that AT has f + 1 rows).

Denote e = ht(p). If \;; = p; for some j, then u' is constructed from g by moving the
last box of the j-th row of 1 to a new row (so that u' has e + 1 rows). Note that by the
definition of ly, we indeed obtain a valid partition. Hence,
fF-1Ef-1) (F+1f(2f+1)

6 6
e(e—1)(2e—1) (e+1)e(2e+1)
+
6 6
— (N — Lo+ 1P+ (A —lo+ 12+ (AL, — f)?

M — M — (Mat — t) =
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=1 = (= G+ 1P = (il — )
I2(€—j—f—|—lo) SO
If \;, = v, for some k, then construct v' from v by moving the last box of the k-th row
of v to a new row. By analogy with the above computation, we have
M =1y — (i —n1) < 0.
It is finally clear that ¢* . > 0. ]
nv

By Lemmas 7.9 and 7.10, we restrict to ht(\) = d and balanced u - n—k, v F k for the
rest of the section. If u = n — k and v F k are such that the last part of u is not smaller
than the first part of v, we denote by (u, ) the partition of n obtained by concatenating

p and v. In the following lemmas, whenever (u,v) - n is referred to, it is assumed that
p and v are suitable for (i, v) to be valid.

Lemma 7.11. Suppose ut-n—k, vk, and A = (u,v) = n. Letting e = ht(u), we have
(7.6) A v) =0y = Ny =1y = 2k(e +n — k)

Proof. Using the formula (6.4) from Proposition 6.7, we have
(7.7)
A\ p,v) =n*—(n—k)* — k*
dd—1)2d—1) ele—1)(2e—1) (d—e)(d—e—1)(2d—2e—1)
" 6 - 6 - 6

d
Z)\—j—l +Z ]—1 —l—Z ]—1
7j=1

Since the first e rows of A form g, the third line in (7.7) sunphﬁes into

—i()\j—(J—l Z -(—1)

Jj=e+1
:—Z()‘j+e—(j+€—1)> +Z(j_(j_1))2

(j—Gre—1)+3 (- (G-1)°

I
(]

<.
—

<.
Il
-

IS

—e

g

e(2v; —2j —e+2) =e(d—d* — e+ de + 2k).

J

1
Putting this back into (7.7) and simplifying the obtained expression yields (7.6). |
Corollary 7.12. The solution to the 2-QMC' problem for K,y is 2k(1 +n — k).

Proof. As explained in the beginning of this section, we are maximizing (7.6). By Lemma
7.8, this is maximized when A = (n — k, k), p = (n — k) and v = (k). The desired value
is then given in Lemma 7.11. [

Lemma 7.13. Suppose utn—k and v k are balanced, ht(u) =e, and A\ = (p,v) - n.
Suppose put is the balanced partition of n —k on e+ 1 rows, v' is the balanced partition of
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kond—e—1rows. If \' = (u',v") is a (valid) partition of n, then
AT i vh) > A, pv).

Proof. Immediate from Lemma 7.11. [

Lemma 7.14. Suppose ut=n—k and v k are balanced, ht(u) = e, and A = (p,v) - n.
Suppose pu' is the balanced partition of n —k on e+ 1 rows, v' is the balanced partition of
k ond—e—1 rows. Assume Nt = (v1, u") =n. Then

AN p,v) = AN @ vy =2((-1+d)k + (1 —d+e)n).
In particular,
k
A pv) > AN ) = e>(d- 1)(1 - —).

n

Proof. This is again immediate from Lemma 7.11. [ |

Further analysis of the d-QMC problem for K,,_j j splits into two main cases, according
to the following definition.

Definition 7.15. We call a triple (n, k, d) balancing if the rows of the balanced partition
of n of height d can be partitioned into a (balanced) partition of n — k and a (balanced)
partition of k. Otherwise we call the triple (n, k, d) unbalancing.

Remark 7.16. Letting ¢ = L%J and r = n — qd, the triple (n, k, d) is balancing iff there
are integers 0 < s <rand 0 <t < d—r such that k = s(q¢+ 1) +tq. This is equivalent to

the existence of an integer max{0, %} < s < min{r, qur_l} such that £ = s mod g.

7.3.1. Unbalancing triples. First, we resolve the d-QMC problem for K,,_j , when (n, k, d)
is unbalancing.

Lemma 7.17. Let k,n,d be positive integers with k < n andn > d. I % € N, then the
rows of the balanced partition X\ of n of height d can be split into a partition of k and a
complementary partition of n — k.

Proof. Write
n=qd+r, 0<r<d,

so that the balanced partition A consists of 7 x (¢ + 1) and (d — ) x g.
Set

dk
t=—c¢€eN.
n
Because k < n, one has t < d. Now define
rt (d—r)t
Then ( " "
n—qd)t nt n
= T gt=———qt=k—qt
’ d d nd ! "
so xz,y € N. Further, z +y =1¢, x <r, and y < d — r. Finally,
t t t
x(q—|—1)+yq:q(x+y)+x:qt+%:(qd+7“)a:nazk.

Hence taking z of the “large” parts of A and y of the “small” parts gives a partition of k,
and the remaining parts sum to n — k. [
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Lemma 7.18. Suppose (n,k,d) is unbalancing. Let e be the largest integer such that
|25 > [ZE], i.e., the tail of the balanced partition of n— k of height e is at least as big

as the head of the balanced partition of k of height d — e.
Then

(7.8) e= {d(l - %)J .

Proof. Since (n, k, d) is unbalancing, the head of the balanced partition of n — k of height
e+ 1 is at most as big as the tail of the balanced partition of k of height d — e — 1. This
yields the following two inequalities,

n—=k k n—k k
> < | —].
{ e J_{d—e—" [e—i—l—‘_{d—e—lJ
n—k k n—=k k
> <

e ~—d—e e+l - d—e—1
Clearing denominators yields

dn—Fk)—en>0, dn—=k)—(e+1)n<0.

In particular,

The two inequalities imply

Since e is an integer, this is equivalent to

[M—‘_lgeg{MJ_

n n

As (n, k,d) is unbalancing, ‘i—k ¢ N by Lemma 7.17, whence

dn=1] | _|dw=B)|
and (7.8) follows. [ ' W { ' J n

Lemma 7.19. Let k,n,d be positive integers with 2k <n and n > d. Then

(7.9) {d@ - S)J > (d- 1)<1 N S)

holds if and only if, letting dk = r mod n, one has
re{0} U {k,k+1,...,n—1}.
Equivalently, inequality (7.9) fails precisely when
1<r<k-1.

Proof. If r = 0, then (7.9) holds. Thus assume r > 0. Set

(7.10) A:d<1—5>, B:(d—1)(1—5).

n n

Then
A > B <« LAJ+(1—§> > A e {4} < 1_5,

where {A} = A — |A].
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From (7.10) we have
-
A} =1——.
(ap=1-"
Thus 2
{A} <1—-—- <<= r>k,
n

as claimed. ]

Corollary 7.20. Suppose (n,k,d) is unbalancing. Let dk = r mod n for 0 < r < n. If
re{k,k+1,...,n—1}, then the solution to the d-QMC problem for K, is

k
ok Qd(1 - E>J +n—k) .
Otherwise, the solution is

2(n — k) (d— Ld(l—%)J —1+k:).

Proof. Let ¢’ = |d(1 — £)|. By Lemma 7.18, ¢’ is the largest e such that A = (p,v), with
balanced p = n — k of height e and balanced v F k, is a valid partition of n. If » > k,
then ¢ > (d —1)(1 — %) by Lemma 7.19. Thus, A(), s, ) is maximized at the balanced
p = n —k of height ¢/, the balanced v + k and A = (u,v) by Lemmas 7.13 and 7.14. If
0 < r < k, then Lemmas 7.19 and 7.14 show that A(\, i, v) is maximized at the balanced
p En —k of height ¢’ + 1, the balanced v F k and A = (v, ). In both cases, the solution
to the d-QMC problem is then given by Lemma 7.11. [

7.3.2. Balancing triples. Next, we resolve the d-QMC problem for K, when (n,k,d)
is balancing. Throughout this section let n, k,d € N satisfy 2k <n and n > d. Put
(7.11) q:LgJ, r=n—qd (0<r<d),
so the balanced partition of weight n and height d is

A =(q+1,...,9+1, q,...,q).

TV
T TOWS d—r rows

The solution to the d-QMC problem for K,y is especially simple when r = 0.

Lemma 7.21. Suppose d | n, and let ¢ = 5. If ¢ { n —k, then the triple (n,k,d) is

unbalanced and thus handled by Corollary 7.20 above. If ¢ | n — k and n — k = eq, then
the solution to the d-QMC problem for K, _i is attained at the triple

A=(¢"), n=(¢), v=_(¢")

and 1
d
(7.12) 2k(n —k)(1+ ).
n
Proof. Letting u denote the balanced partition of n — k of height e + 1, and v the
balanced partition of k of height d — e — 1, we have At = (v, u*) F n. Thus
AN v ut)y=2(n—k)(k+d—e—1),
and using e = 20 we get

A(/\7 v, M) - A<)\+7 V+>/J“+) = 2(” - k) > 0.
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Increasing e further will decrease the height of v and thus by Lemma 7.13 only decrease
the value of A. Thus the maximum A is attained at

A= (qd)> n= (qe>v V= (qd_e)7

as claimed. The formula (7.12) now follows from Lemma 7.11. |

Proposition 7.22. Suppose ptn —k and v = k are balanced, with uy = vy, ht(p) = e,
and \ = n is built from rows of u,v, say

A= (:ulv"'7”87”7”8-%17"'7“8)7

where f1g = -+ = kg > [hsy1 = -+ = le. Lhen
(7.13) AN pv) = 2(=k + k(n+ ) + (d = e)(e = s)pe),
and this function of e is mazximized at
o d n n — 2k
20 2(g+ 1)

Proof. A similar calculation to the one in Lemma 7.11 gives
(7.14) AN p,v) =2(=k* + k(n+s) + (d — e)o),

where 0 = g1 + -+ pe = (e — s)pe. Note that (7.14) becomes (7.6) when s = e and
hence A = (u,v). Moreover, when s = 0 and A = (v, ), then ey, = n — k and hence
(7.14) becomes 2(n — k)(d — e + k), i.e., (7.6) with k£ and e replaced by n — k and d — e
respectively.
Expressing s from
n—k=s(g+ 1)+ (e - 5)g,

where ¢ = [ 2], and plugging it into (7.14) produces a concave quadratic function in e,
namely

(7.15) A=2(—(q+¢")e* + (dg — 2kq + nq + dg*)e — 2k* + 2kn + dkq — dng).

This function attains its maximum at

n
d

d n — 2k
1 == ) [}
(7.16) e 2+2(q+1)

Remark 7.23. Using the obvious inequalities

n n n

So1g|g] <
d

d d
we obtain the following bounds on e*:
d d(n—2k) k
-4+ ——— L <" < d(l — —>.
2 21 - ° n

Assume (n, k,d) is balancing, and w.l.o.g., n — k > k. The strategy of the proof is as
follows: by Lemmas 7.8, 7.9 and 7.10 we know that A in (7.5) is maximized with ht(\) = d
and p = n —k, v+ k being balanced and A made of rows of u, . Such triples are thus
uniquely determined by e = ht(u). Note that A = (u,v) for small e, and A\ = (v, ) for
large e. By Lemma 7.13, A increases while p forms the top rows of A and e increases.
Conversely, A decreases when v is the top of A and e increases. It is thus key to analyze
transitions, where the rows of y, v appear mixed in \.
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For ease of notation, let ule] denote the balanced partition of n — k with height e.
Similarly, v[e] denotes the balanced partition of &k of height d — e. Let

(7.17) eozmax{ee{l,...,d—l}: {";sz[diH.

Since n — k > k, e = 1 belongs to the right-hand side set. Similarly, let

(7.18) elzmin{ee{l,...,d—l}: Ldﬁer[”;ﬂ}.

If the set in the definition of e; is empty (e.g., n =5,k =2,d=2), weset ey =d—1. By
Lemma 7.13, the e maximizing the d-QMC Hamiltonian for K,,_ ; will satisfy eg < e < e;.
Let A o denote the balanced partition of n with height d. Set

€ := {e | ple] is a subpartition of Ay, } C {eg,e0+1,... €1}

Since (n, k,d) is balancing, € # (). Further, e € € iff e = ZT_'f <r, or |[=%]| =g and

n—k—r <e< dtn—k—r
¢ — = gl 7

Lemma 7.24. The feasible set € is an interval, that is, € = {min & min €+1,... max &}.

Proof. Recall the unique balanced partition A 5 of n into d parts consists of r parts of
size ¢ + 1 and d — r parts of size q. Suppose e < €' are both in &. Thus there exists a
height e subpartition u = n — k of A & Similarly, u/ < A o 152 height e’ subpartition
with weight n — k. We claim that for any integer e” such that e < €’ < €, there exists a
height €¢” subpartition p” = n — k of A B

The partition p is of the form, say, ((¢ + 1), ¢¥) for some z,y € Ny. Thus
r+y=e,
(7.19) z(g+1)+yqg=n—Fk,
0<z<r and 0<y<d-—r.

Substituting y = e — x into the second equation of (7.19) gives

(7.20) r+eq=n—k.

Likewise, if 4/ = ((¢ + 1)¥,¢¥") for some 2/,y € Ny, then

(7.21) ' +eqg=n—k.
Equating (7.20) and (7.21), we have

(7.22) x—a' =qle —e).

Since e < €/, x > x/. Further, by considering the difference in the number of ¢-sized parts:
y—y=(—a)—(e—a)=( —e)+ (v —2)

(7.23) : : :
= (€ —e)+qle—e)=(1+q)( —e),
whence ¢’ > y.

Now, let ¢’ be an integer such that e < ¢” < ¢’. Define d = ¢’ —e. Then 0 < Ae < €' —e.
We propose constructing p” composed of x” parts of size ¢ + 1 and y” parts of size g,
defined as follows:

2 =x—qd

7.24 .
(7:24) y' =y+ (1+q)o
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We shall verify that p” satisfies the required conditions.
Firstly, the height of p is

W )=2"+y" =(x—q¢))+wy+1+qd)=(@+y) +d=c+ (" —¢)=¢".
Next, u” Fn —k, as
2"(q+1) +y"q= (x— ) (g +1) + (y+ (1 +q)d)q
= (2(g+ 1) +yq) = (@ + o+ (¢+ ) =x(q+1) +yg=n—Fk.

Finally, we need to show 0 < 2"’ <rand 0 <y” <d—r. Clearly, 2" =x—q¢d <x <r.
Also, " =2 —qd > x — q(¢/ —e) = 2/ > 0. To verify the desired properties of y”, we
have y" =y+(1+q)d >y >0,and y’ =y+ (1+q)e<y+(1+q)( —e)=y <d—r.
This completes the proof. [

By definition of ¢y and e;, whenever e < ¢, the partition A = n made of rows of
plel, viel is (ule],vie]). If e € €, then this partition A equals Ay , and is of the form

A= (1, -y sy Vy sty - fle), Where g = -+ = pg > g1 = -+ = pe (note the two
edge cases, s = 0 or s = e can also both occur). If e > ey, then A is of the form (v[e], ule]).
Note that (uleo], v[eo]) may or may not be balanced, and the same holds for (v[e;], ulei]).

Lemma 7.25. Ifey & &, then ey + 1 € €. Likewise, if e, & &, then e; —1 € €. In
particular, € is one of the following four discrete intervals:

{60,€0+1,...,€1}, {60,€0+1,...,€1—1}, {€0+1,60+2,...,€1}, {60+1,€0+2,...,€1—1}.
Proof. Suppose ¢y € €, and consider eg + 1. By definition of ey,

n—=k - k

eo+ 1 d—ey—11|
Since min € > eg + 1, we deduce

n—=k n—=k k k

7.25 < - < —.
(7.25) Lnin(’fJ_Lo%—lJ<[d—eo—1-‘_[d—min(’f-‘

By definition of €, the partitions y[min €], v[min €] combine to form A, , whence

k n—k
— < 1.
[d—min QE-‘ LnianJ -

Hence the same holds with min € replaced by ey + 1 by (7.25). Thus uley + 1], v]eo + 1]
must combine to form AAIA , too. That is, ey + 1 € €.

The proof for e; is the same. [ |

7.3.3. Summary. We combine the preceding results on unbalancing and balancing triples
into the following statement.

Theorem 7.26. Let n > 2k and n > d. Let e, be the closest integer in € to e*. Then
the solution to the d-QMC problem for K, _\ is the biggest of the following three values
™ — N — Mo,y

where either

(a) p F n —k is balanced of height ey, v = k is balanced of height d — eq, and \ =
(u,v) Fn;
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(b) pt n—k is balanced of height ey, vt k is balanced of height d — e, and A+ n is
balanced of height d;

(¢) pEmn—k is balanced of height ey, v = k is balanced of height d — ey, and A+ n is
built by merging (and sorting) the parts of u,v

Proof. 1f the triple (n,k,d) is unbalancing, then € = (), and the solution to the d-QMC
problem for K, is given by (a) or (c¢) by Corollary 7.20. Now suppose that the triple
(n,k,d) is balancing. By Lemma 7.13, the maximum of ny — 7, — 7, is attained for a
balanced p F n — k of height e, balanced v  k of height d — e, and A F n built by
merging (and sorting) the parts of u, v, where e is an integer between ey and e;. The
characterization of € as in Lemma 7.25 and maximization of the function (7.13) at e* in
Proposition 7.22 show that the maximum is attained for e € {eg, e1, e, }, which gives rise
to the cases (a), (b) and (c). |

(n,k,d) |eo|er|e |emax| €

BLrz) [1]1]3] 1 | {1}
(4,2,3) | 1] 23] 1,2|{1,2}
(5,1,4) [ 3|3 |%] 3 | {3}
(5,2,3) [ 1]2]2] 2 | {2}
(5,2,4) |23 %] 2 [{23}
6,3,4) | 113 2] 2 | {2}
(7,1,6) | 5|5 %] 5 | {5}
(7,3,4) [ 2]3]%] 2 | {2}
(8, 2,3) 2122 2 | {2}
(9,2,8) | 6| 7 |2] 6 |{6,7}
(10,5,7) 25| %34|{34}
(11,3,5) | 3 | 4 | 2] 3 | {4}
(18,5,8) | 5 | 7 | 2] 5,6 | {6}
(22,5,10) | 7| 9| 7| 7 | {8}
(36,5,17) | 14 |16 | ¥ | 14 | {15}

TABLE 1. A selection of balanced triples and the values of e, €1, €*, €nax,
and & for these triples. For instance, (n,k,d) = (11,3,5) is an example
where the optimal A is not balanced.

8. SEPARATION OF IRREPS IN d-QMC

Given n,d € N and a partition A\ = n with at most d rows, we are interested in
adapting the NPO hierarchy in Section 5 to compute the largest eigenvalue of Hp for a
general weighted graph G on n vertices. To isolate the irreducible representation p, of
ABWa = F, /75 corresponding to the partition A of n, one needs to adjoin to Z5¥¢ some
polynomials in F,, that vanish in p)(CS,,), but not in p,(CS,,) for any p # .

In general it suffices a add a single polynomial, chosen as follows. Given a partition
A nlet sy, € CS, be a Young symmetrizer corresponding to A [Pro07, Section 9.2.2].
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Then dir;z!p* sy is a primitive idempotent in CS,, that generates p,, as a left ideal [Pro07,
Theorems 9.2.4.1 and 9.2.4.2]. Hence

d
1mp,\ Z gsyo !

ogEeSy

is a centrally primitive idempotent in CS,,, generating p, as a two-sided ideal.

Proposition 8.1. Let A = n. Then py(id—355) = 0 and p,(id —55) # 0 every partition
pFE A

Proof. The centrally primitive idempotents {3}y, are pairwise orthogonal, so (id —5,)5, =
0 if A = p and §, otherwise. Therefore py(id —$)) =0 and p,(id —5,) #O for p#A. ®

Lifting $) to an element of F,, yields the desired polynomial. However, this polynomial
has high degree (not much smaller than n). On the other hand, the symmetric group
relations (1.4) have degree at most 3, and the degree-reducing antisymmetrizer relation
(3.1) has degree d. Therefore the above approach is not appealing from a computational
perspective. Instead, it is preferable to find low-degree polynomials that distinguish A
from other partitions of n with at most d rows.

In [BCEHK24] it was shown that for d = 2, the value 1, from Example 6.6 separates
irreps with at most two rows. Therefore, 7\, — hy, is a linear polynomial that separates
irreps of AS"2. In particular, the largest eigenvalue of H) for a two-row partition A - n
equals the NPO problem

min {a oo —hg = Zs;;sk + ¢ for some s, € F,,, q € Iswd + (m — hKn)} ,
k
and can thus be handled using standard SDP-based NPO hierarchies.

The same does not apply when d = 3, as 7, in (6.4) does not separate irreps with
at most three rows. For example, partitions A = (4,1,1) and p = (3,3) of n = 6 give
nxy = 1, = 24. Even more, 1, does not separate irreps with three rows; e.g., A = (5,2, 2)
and o = (4,4, 1) give ny =1, = 60. Below, we present a method of separating irreps with
at most three rows in the spirit of 3-QMC, and a method of separating general irreps that
is suitable for solving the localized d-QMC problem of finding the largest eigenvalue of
H.

8.1. Separation of irreps with at most three rows via two graphs. First we show
that the spectra of the Hamiltonians corresponding to the clique K, and the star graph
%, (which were analyzed in Subsections 6.2 and 7.1, respectively) distinguish partitions
with at most three rows.

Proposition 8.2. Let n > 2. The following are equivalent for partitions X\, u = n with at
most three rows:

(i) A = p.
Proof. 1t is clear that (iii) implies both (i) and (ii).

(i)=(iii): By Example 7.1 and Example 7.3, the eigenvalues of nl — Hy are obtained
from the sequence \; > Ao — 1 > A3 — 2 by keeping only the smallest element of any
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subsequence of consecutive values, and then removing —2 if necessary. Consequently,
(8.1) M+Qe—1)+Ns—2)=n—-3=pu+(p—1)+ (13 —2)

and spec(Hy ) C spec(H) ) immediately imply A =y if [spec(Hy )| > 2. Now assume
| spec(Hy, )| = 1. By Proposition 6.7, spec(Hy, ) = spec(HY ) implies

(8.2) A Qe =12+ (As = 2)? = g1} + (2 — 1)* + (3 — 2)?

We distinguish three cases:

(1) A = (%,%,%), and the sole eigenvalue of nI — 3Hy is % —2. Since p; > %, if
follows that pip —1 =% — 2 or uz —2 = 5 — 2. In the latter case u = A, so let us

suppose the former holds. Then (8.1) and (8.2) imply
n—3=p+(5—2)+(us—2),
E+E-D+GE -2 =m+ G-+ (s —2)"
Expressing ps = 2?” + 1 — py gives
(5 +E -1 =pi+ (B —m—1)7%
which has solutions y; = ¢ and p; = 2 — 1. The first one implies p = A, while

the second one contradicts the fact that p is a partition of n.

(2) A= (%,%), and the sole eigenvalue of nJ — 2 H, is % —1. Since uz < 2, it follows

that py = 4§ —1or up — 1 =12 — 1. In the latter case u = A, so let us assume the

former holds. Then (8.1) and (8.2) imply

n=3= (8= 1)+ (= 1)+ (s~ 2)
(5 + (5 -1+ (0-2 = (5 = 1)* + (n2 = 1)* + (13 — 2)°.
Expressing ps = § + 1 — u3 gives
(5)° +4=(5 - pa)* + (s — 2)%,
which has solutions p3 = 0 and p3 = 5 +2. The first one implies 4 = A, while the
second one contradicts the fact that p is a partition of n.

3) A = (n), and the sole eigenvalue of n] — 1H} is n. Then s < e < n implies
27" %n
i1 =n, and so pu = \.

ii)=(iii): As in the previous paragraph we see that (ii) and (8.1) imply A = g i
Vs (i) As in th : L hat (i) and (3.1) imoly A .t
|spec(Hy, )| = 2. On the other hand, if [spec(Hy )| = |spec(H) )| = 1 then A\, p €
{(n),(5,%),(5,%,%)}. For these three cases, the star graph Hamiltonian has eigenvalue
0, n+ 2 or 3n+ 4. Thus spec(Hy ) = spec(H4 ) only if A = p. |

Remark 8.3. Let n =9. For A =(3,3,3) and u = (6,2,1) we have
spec(Hy ) = {16} C {20,16,6} = spec(H} ).

Therefore the role of K, in Proposition 8.2(i) is essential (note that ), = 72 and 7, = 48).
Likewise, the restriction to partitions with at most three rows is required (cf. Remark
7.5). Namely, let n =21, A= (7,7,7) and = (9,6,5,1). Then 7, = 336 = 1), and

spec = - , 16, 18, = spec .
Hy 16 12,16, 18,23 HYy

Let A F n be a three-row partition, and let m be the minimal polynomial of H )‘n;
note that m is of degree at most 3, and determined by Example 7.3. As a consequence of
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Proposition 8.2, the largest eigenvalue of H} for d = 3 is the solution of the NPO problem

min {a ca—hg = ZSZSk + ¢ for some s, € F,, q € ISWS + (?7,\ — hKn,m(h*n))} )
k

8.2. Separation of irreps via low-degree central elements. In this section we show
that partitions A F n with at most d rows can be distinguished by d relations of degrees
1,...,d, which can be used in an NPO problem for solving the localized d-QMC problem,
i.e., finding the largest eigenvalue of HJ.

For 2 < k < nlet ¢, € C[S,] be the sum of all k-cycles in S,, (there are (k — 1)!(}) of
them). Since gy is central in C[S,,], we have px(qx) = Yk, where

n

(53) (€)= Te(oalan)) = (6= 0!} wal(1 . 1)

Note that .
d(d—1)(2d - 1) 2
6 _Z()‘k_(k_l))
k=1
by Proposition 6.7. The other values 7; x can be computed using the normalized character
formula [Lsa08, Theorem 4] (with the Murnaghan-Nakayama rule, cf. Appendix C.1, at

its core), and are in particular integers. For example,

Yo A = N = n* +

%’A_%'”(”—l)(n—m%(i;’))
d
“23u(3)
d
__(n M=)\ —k+1D)2M —k)+1)  (k—1)k(2k—1)
__(2>+Z< k : 6 : + 6 )

k=1

d(d — 1)2(d — 2 n O — k) — k120 — k) + 1
_d( )2( )_(2)+Z(k ) (Ak 6)((k )+1)

k=1
using the formula after [Lsa08, Theorem 4]. The values 7\ separate irreps as follows.
Theorem 8.4. If \, u = n have at most d rows, then
A=p = Yer=Yep foralk=2,...,d.

Proof. Let pgr = a¥ + -+ + 2% denote the kth power-sum symmetric polynomial in d
variables. Let A - n have at most d rows, and write \; = 0 for ht(\) < ¢ < d. By (8.3)

we have
— pk (... k)
xa(e)
where n** is the falling factorial. By [VIK81, Lemma 5.1] or [IO02, Propositions 1.4, 3.3
and 3.4],
(84)  kya= (pd,k + Py (paa, - -- 7Pd,k71)) M—1+1 -2+ .. N—d+3)
for some polynomial Py in k — 1 variables. Also note that

par(M—1+L -2+ N —d+l)=n-2L

/f’Yk,,\
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Now assume that vy = vy, for all k =2,...,d. By (8.4),
pak(M—1+5,0—2+%,... da—d+3) =pap(p —1+ 5,2 —2+3, ..., pa—d+3)
forall k=1,...,d. Since

M=14+3>X—2+1> > \—d+3, m—1+i>p—2+1>>p—d+;

and the power-sum symmetric polynomials distinguish points up to a coordinate shuffie,
it follows that A = pu. [

For k£ € N denote

Cp = E swap; ;, SWap;,;, " - Swap;; € Fp
1<, ix<d
pairwise distinct,
ig<iy; for j>1

which corresponds to gx1 € C[S,]. By Theorem 8.4, finding the largest eigenvalue of the
localized d-QMC Hamiltonian H} (for ht(\) < d) is equivalent to the NPO problem

min a:a—hG:ZSZSk—i—qfor some S, € F,, qEISWd—l— (ck—fka’A: k:gd—l)
k

As in Section 5, this NPO can be solved through a hierarchy of SDP relaxations.
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APPENDIX A. LINEAR SUBSPACE OF Mgy»(C) SPANNED BY THE PRODUCTS OF AT
MOST d — 1 SWAP MATRICES

Here we prove that in M>%4(C), there are no relations of order at most d — 1 (in the
swap matrices, represented by transpositions) other than (4.1).

Remark A.1. Note that if a permutation ¢ is a product of disjoint cycles of lengths
ly, ..., 0 respectively, then o is can be written as a product of Zle(&- — 1) transpositions
(and not fewer than than many transpositions).

First we note that linear independence of swap operators is preserved if the local di-
mension increases.

Lemma A.2. If a set of products of swap operators is linearly independent in M>%4(C),
then it is linearly independent in My *"(C).

Proof. By Theorem 2.2, the algebra M5¥4(C) can be obtained as a quotient of My " (C),
namely by modding out the direct summands p,(CS,,), where X is a partition of n with

exactly d rows. The statement then follows since any linearly independent set in a quotient
Mswd“(C) is linearly independent in Mswd“(C). u

The following statement is the main result of this section.

Proposition A.3. The set of all products (that correspond to distinct permutations) of
at most d — 1 swap matrices is a basis of the subspace of M%4(C) of polynomials in the
Swap;; of degree at most d — 1.

Remark A.4. In other words, Proposition A.3 states that permutations, which are prod-
ucts of at most d — 1 transpositions, are linearly independent as elements of M5V (C).
In Section 5, we mentioned another natural linearly independent subset of M5%¢(C). Re-
call that a permutation 7 € S, is called (d + 1)-good if there is no increasing sequence
Jo < -+ < jqsuch that 7(jo) > -+ > m(jq). Then (d+ 1)-good permutations form a basis
of M5¥4(C) by [Pro21, Theorem 8]. However, Proposition A.3 is not a direct consequence
of this result. Namely, a product of at most d — 1 transpositions is not necessarily a
(d+1)-good permutation if d > 3. Concretely, the product of d — 1 disjoint transpositions
= Hf;ll(@', 2d — 1 — i) satisfies 7(1) > 7(2) > --- > 7(2d — 2), so it is not 2(d — 1)-good
(and in particular, not (d 4+ 1)-good if d > 3).

Before proving Proposition A.3, we require two lemmas.

Lemma A.5. Let o be a permutation in S, that is a product of d — 1 transpositions and
cannot be written as a product of fewer than d — 1 transpositions. Let v € (CH)®" be
an elementary tensor whose factors are standard basis vectors (so that v has at most d
distinct indices). Suppose that for any product T of k disjoint cycles of o, where k = 1,2,
the part of v on which T acts has at most k — 1 indices that are repeated and they occur at
most twice. Then o acts uniquely on v among the products of at most d—1 transpositions.

Proof. Let ¢ and v be as in Lemma A.5. If ¢ is a permutation on strictly less than n
letters, add to its cyclic structure the singletons corresponding to the missing letters in
{1,....,n}.

First suppose 7 is one of the disjoint cycles of ¢ and let w be the part of v on which 7
acts. If w has an index that appears at least twice, then one can construct at least one
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other permutation 7’ that is a product of at most as many transpositions as 7, and gives
the same result when applied to w. Indeed, to find the first cycle of 7/, start with the
index of w that is repeated, then find its image among the remaining indices, take the
image of the latter and continue until the starting index occurs again. Since the starting
index occurs at least twice in w, the produced cycle is of smaller length compared to o.
Now repeat the procedure starting with any other index to deduce what the other disjoint
cycles are. This way we break the action of o on w into an action of a product of disjoint
cycles (some of them may have length one) whose lengths sum up to the length of o.
Hence their product can be written as a product of strictly less than d — 1 transpositions.

Now let 7 = 1175 be a product of two disjoint cycles of o and let w; and ws be the parts
of v on which 77 and 75 act, respectively. Suppose that none of w; and wy has repeated
indices, but they do share at least two indices. For simplicity suppose they share exactly
two indices. We want to construct another permutation 7’ that is a product of at most as
many transpositions as 7, and gives the same result when applied to w; ® ws. As before,
for the first cycle of 7/ start with one of the indices with two occurrences in wy, say ji,
then find its image among the remaining indices, take the image of the latter and continue
until j; occurs again. Note that the first time when the image of a letter is the other
index with two occurrences, call it jo, there are two choices: to consider the image of 7,
by either 71 or 7, and then continue the process until the image of a letter is j; again.
Note that if we choose to continue with 71 (js), we get back 7, but if we consider 7(j2),
we switch to the other cycle and finish with the factor e;, of w,. Hence, the second option
produces the first cycle of the permutation 7" we are looking for. For the second cycle of
7’ restart the procedure with the index j, of a factor in w;. By construction, 7’ is also a
product of at most d — 1 transpositions.

It remains to prove that if o meets the conditions in Lemma A.5, then it acts on v
uniquely among the products of at most d — 1 transpositions. This is true by the same
procedure as above of deducing the cyclic structure by comparing v to its image o(v).
Indeed, start with any index, take its image and continue until the starting index occurs
again.

The only time we have two options during this process is when we hit an index j in
v that occurs (exactly) twice across two cycles, say 71 and 75. Denote the parts of v on
which 7; acts by w;. Suppose we started the process with j in 7;. When we hit j again, we
can either terminate the process (which yields the cycle 1) or continue with the image
of 7 by 7. In this case we join the two cycles 71 and 75, which means that the resulting
permutation must have at least one transposition more than o.

If we start with an index k # j of 7y, then, when we first hit j, there are again two
options: either to continue with 71(j) or m(j). The choice 71(j) at the end reproduces
71 (actually, it may happen that the index k occurs in another cycle, say 73, and we
may switch to 73 after hitting k again, but this case was already treated before). With
the choice 75(j) we switch to the other cycle 75 and since k does not occur in wy, the
process does not terminate in wy (meaning that we need to switch cycle once more before
terminating). This again means that we join (at least) two cycles and the resulting
permutation must have at least one transposition more than o.

This shows that ¢ is the only permutation that can be written as a product of at most
d — 1 transpositions and gives the result o(v) when applied to v. |
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Example A.6. Let d = 4,n =5 and define o = (12)(345). Let
vV=e1®ea®e;Rea®e; and vy =1 ®eyPe; ®es ®ey.

It is easy to see that since ¢ has two disjoint cycles and v; has two indices that occur twice,
o acts on vy in the same way as o' = (14)(253). On the other hand, by the algorithm of
deducing the cyclic structure by comparing a vector to its image, o acts on vy uniquely
among the products of at most 3 transpositions in Ss.

Lemma A.7. Let 0 in S, be a product of d — 1 transpositions that cannot be written as
a product of fewer than d — 1 transpositions. Then there is a vector v € (C4)®" whose
tensor factors are standard basis vectors with at most d distinct indices that meets the
conditions in Lemma A.5.

Proof. Let 0 € S,, be a product of d — 1 transpositions which cannot be written as a
product of less than d — 1 transpositions. Suppose o is a product of k disjoint cycles for
some k = 1,...,d—1 (all the cycles being of length 2 or more). Hence, o is a permutation
on d + k — 1 letters, but the factors of v are chosen among the d standard basis vectors
of C.

Without loss of generality assume that the letters of o are 1,...,d + k — 1. Order the
cycles of o increasingly by their lengths. Then assign the indices ¢; to the first d + k — 1
factors e;; of v in the following way:

Assign indices 1,...,d (e.g., increasingly according to the position of the factors) to
the part of v on which the cycles of ¢ involving letters 1,...,d act (the cycle with d may
involve larger indices and hence we do not yet assign the indices to all of the factors of
v on which this cycle acts). Now v has k — 1 more factors to be labeled (with indices
between 1 and d), hence the corresponding part of o has at most |(k — 1)/2] disjoint
cycles. Since we have k cycles in total (each of length at least 2), the part of o on the
letters 1,...,d is a product of at least |(k + 1)/2] disjoint cycles.

So assign to the next |(k — 1)/2]| unlabeled factors of v (e.g., increasingly according
to the position of the factors) the first letters of the cycles of o on the letters 1,... . d.
Finally, assign to the remaining unlabeled factors of v the second letters of the cycles of
o on the letters 1,... d.

This way we labeled the first d + k£ — 1 factors of v. To the remaining factors just assign
the index 1. It is now clear from the construction that the obtained vector meets the
conditions in Lemma A.5. [

Example A.8. Let us illustrate Lemmas A.5 and A.7 in the case n = 8 and d = 5.
Suppose o € Sy is a product of 4 transpositions and it cannot be written as a product
of less than 4 transpositions (here we omit writing the singletons in ¢). Then we have 4
options:

(a) If o is a 5-cycle, e.g., 0 = (12345), then a suitable vector is
V=e1Re3Re3ResR¥e;Re; ®e R ey.

(b) If o has two cycles, there are two possible cyclic structures: two 3-cycles or a
product of a transposition and a 4-cycle. E.g., o = (123)(456) or o = (12)(3456).
In both cases we can take

U:61®62®63®€4®65®61®61®61-
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(c) If o has 3 cycles, then it must be a product of two transpositions and a 3-cycle.
E.g., if 0 = (12)(34)(567), we can take
V=e1Re3RQe3ResRe;RWe; ez R eq.
(d) If o has 4 cycles, then it must be a product of four transpositions. If, e.g., o =

(12)(34)(56)(78), we can take
U:61®62®63®64®65®61®62®64-

Proof of Proposition A.3. Denote the set of all products (that correspond to distinct per-
mutations) of at most d — 1 swap matrices by By;_1. Suppose

E ags =0
SEBd_l

for some scalars a,. By Lemma A.5 and Lemma A.7, for each product s of d — 1 trans-
positions that cannot be written as a product of less than d — 1 transpositions there is
an elementary tensor vector v, € (C%)®" such that s acts uniquely on v, among the el-
ements of B,_;. Since elements of B,_; act on ((Cd)®” as permutations of tensor factors,
this means that s - v, is linearly independent of {t-vy: t € By_1 \ {s}}. Hence, oy = 0 for
all s € B,_; that cannot be written as products of less than d — 1 transpositions. Now
use induction and Lemma A.2 to finish the proof. [

APPENDIX B. SWAP MATRICES ON (C3)®" AND (C*)®"

Here we give some results specific to the cases d = 3 and d = 4.

B.1. Linear space spanned by the products of at most two swap matrices. We
prove that in M3>%3(C), there are no relations of order two other than (4.1).
Proposition B.1. The set By consisting of
1
Swap;; <]

Swap,;Swap;, @ <j <k

Swap,;Swap;, < j <k

Swap,;Swapy, @ <j, 1 <k <l

is a basis of the subspace of M (C) of polynomials in the Swap;; of degree at most two.

Proof. To prove the linear independence of B, suppose

al + Z bij Swap,;+ Z Cijk Swap;;Swap,, + Z dijr Swap;;Swap,;,+

1<j 1<j<k 1<j<k
(B.1)
g eijk Swap;;Swapy, = 0.
i<j
i<k<l

for some scalars a, b;;, ¢k, dijk, €ijii-
To prove that the e;;,; must all be zero, first consider the vector

v=e1ReQes3Re;Re - -Re; € (Cd)®n.
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Evaluate (B.1) on v to see that the term Swap;.Swaps, is the only one that yields
ea®e Ve ®ez®er--- ®ep. Hence, eja34 must be zero and by analogy, all of the e;j
must be zero as well.

A similar argument allows us to get rid of the ¢;j; and the d;;;. Indeed, after evaluating
(Bl)onwv =e ®es ez ®e; @ep--- ® ey, the term Swap; o Swapsy 3 is the only one
that gives e3 ® e ® ea ® €1 ® €1 --- ® e; and Swap; 2 Swap; 3 is the only one that gives
ea®e3Rer Ve ®ep- - @ ey.

Finally, we are left with a linear combination of single swap matrices and the identity,
which are clearly linearly independent. [

B.2. Gell-Mann matrices of size 3 x3. Recall the definition of the Gell-Mann matrices
from Subsection 1.5.1. For d = 3, there are eight Gell-Mann matrices, namely

010 0 -1 0 1 0 0 001
AM=11 00| =11 0 0] A3=10 =1 0] \q=1{0 0 O
0 00 0 0 0 0 0 0 100
00 —i 000 00 0 1 10 0
=100 0] =00 1] =10 0 —i|] s3=—{[{0 1 0
i 0 0 010 0 i 0 V3 00 -2
They are self-adjoint, have trace zero and together with the identity \g := I, they form a

basis for M3(C). They satisfy
9 8
_ a,b,c - ra,b,c
(B2) )\a)\b = g 5a,b I+ CE_l (d + 1f ) )\c,

where 9, is the Kronecker delta and the b€ and d*®¢ are structure constants with
1 1
fobe = —Zitr(Aa[Ab, Ae)) and debe = 1 tr(Aa{Ap, Act).

Here [A,B] = AB — BA and {A,B} = AB + BA denote the commutator and the
anticommutator respectively. Note that the f®®¢ are antisymmetric and the d**¢ are
symmetric under the interchange of any pair of indices. The nonzero f%%¢ are

f1,2,3 =1 f1,4,7 _ f1,6,5 _ f2,4,6 _ f2,5,7 _ f3,4,5 _ f3,7,6 _ 1 f4,5,8 _ f6’7’8 _ \/g
- ) - - - - - - 27 - - 2 )
while the nonzero d**¢ are
1 1
d1,4,6 — d1,5,7 :d2,5,6 — d3,4,4 — d3,5,5 =_, d2,4,7 — d3,6,6 — d3,7,7 =2,
1 1
LIS — 228 — 338 _ B8 — _
- - - ) - ’
V3 V3
1

d4,4,8 — d5,5,8 — d6,6,8 — d777,8 — ]
2V/3
Fix n € N. As in Section 1.5, denote
M=I® - @I\ ®[®- &I € Mz.(C)
i—1
i
for a € {0,...,8}. Then,
(B.3) {2 A Ja;€40,...,8}, j=1,...,n}

ai’ a2
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is a basis of M3»(C), and X, and )\flj commute for 7 # j. By Proposition 1.11, each qutrit
swap matrix can be written as a linear combination of the Gell-Mann matrices as follows:

8
1 1 PN
(B.4) Swap,; = §] + 3 ;:1 AL

B.3. Linear subspace of M;.(C) spanned by the products of at most three swap
matrices. Throughout, any two tuples (¢, j) and (k,[) are compared w.r.t. the lex order-
ing.

Proposition B.2. The set B3 consisting of By and the three types of cubics

(B.5) Swap;;Swapy,Swap,, 1 <j, k<Il, p<gq, (1,7) < (k1) < (p,q);
Swap,;Swap;.Swap,, i <j <k, p<gq, p,q¢{i,j,k},

(B6) Swap,;Swap, Swap,, i <j <k, p<gq, p,q ¢ {i,],k};

B.7) Swap,;Swap ;. Swapy,, Swap;;Swap;Swapy,;, Swap;,Swap,,Swap,;,

Swap,,Swapy,Swap,;, Swap;Swap;Swap,, 1< j <k <I;
is a basis of the subspace of M3 (C) of polynomials in the Swap;; of degree at most three.

Remark B.3. As it can be seen from the proof, any of the cubics in (B.7) can be replaced
by Swap;; Swapg Swap .

Proof. For the spanning property of Bs, first note that by Proposition B.1, every product
of three swap matrices involving at least five indices is in the linear span of B3 and by
(3.4), every product of three swap matrices involving four indices is in the linear span
of B3 as well. This is because a product of three swap matrices involving five (resp. six)
indices corresponds to a product of a 3-cycle and a disjoint transposition (resp. a product
of three disjoint transpositions; these are in the span of By). Similarly, a product of three
swap matrices involving four indices corresponds to either a 4-cycle or a product of two
disjoint transpositions (the latter being in the span of By). Moreover, any product of
three swap matrices involving three indices or less clearly corresponds to an element in Bs
(either to a 3-cycle, a transposition or to the identity). This proves the spanning property
of 83.

The proof of the linear independence of B3 relies heavily on the properties of the Gell-
Mann matrices presented in Subsection B.2. Suppose there is a linear dependence among
the elements of Bs. Then, using (B.4), express each of the appearing terms w.r.t. the
basis (B.3) consisting of different combinations of tensor products of the eight Gell-Mann
matrices.

First, consider the elements in (B.5) and observe that for any choice of i < j, k < 1,p < ¢
with (4, 5) < (k,1) < (p, q), the highest order terms in the expansion of Swap,;SwapgSwap,,
are of the form

MNNAENN NG abce{l,...,8).
Likewise, considering the elements in (B.6), for any choice of i < j < k,p < ¢ with
p,q ¢ {i,7,k}, the highest order terms in the expansion of Swap,;Swap,,Swap,, are of the
form

NN abece{l,...,8),
while for Swap;;Swap,;Swap,, they are of the form

MNMNAFNPNT = N XN AENP NG g b,ce{1,...,8}.
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As for the elements in (B.7), for any choice of i < j < k < [, the highest order terms
e.g. in the expansion of Swap,;Swap;,Swapy; are of the form

AL N AR AR AL a,b,ce{l,...,8}

and similarly for the other four cases in (B.7).

We now gradually eliminate the terms in the linear dependence equation: (a) By the
product formula (B.2), the elements in (B.5) are the only ones that have terms of order
six and more precisely, for any choice of i < j, k < 1,p < g with (4, j) < (k,1) < (p,q), the
element Swap;;SwapgSwap,, has the term \i M Ak Xy X2 A2, which does not appear in the
expansion of any other element of Bs. Hence, the coefficients next to each of the elements
in (B.5) have to be zero.

(b) Now the elements in (B.6) are the only ones that have terms of order five. By
(B'2)7

Az = if122 Ay = —if1?9 Ny = =i )y,
)\2)\3 = if2’3’1/\1 = if1’2’3 /\1 = i/\h
1
MAg = d" 0N = d"ON = S
Hence, for any choice of i < j < k,p < ¢ withp,q ¢ {7, j, k}, the element Swap,;Swap;Swap,,
has in its expansion

Ao AL N AEAEAL 4+ XEXT NS AEAE AL = iA5 M AEAE N + M N AEAD L.
But Swap,jSwap;sSwap,, has in its expansion

NN AEXEDZ AL £ XM AEAR NP AL = —i AL A AE AP N 4 §>\1 MBS,
Since the quotient of any two coefficients next to the same basis element in the expansion
of Swap;;Swap;rSwap,, and Swap,;Swap;;Swap,, must be the same, the above implies
that the coefficient next to each of the elements in (B.6) has to be zero.

(c) So the elements in (B.7) are now the only ones in the linear dependence equation
that have terms of order four and for any choice of ¢ < j <k <, only the five products
listed in (B.7) have basis elements of the form MM AFAL. Denote the coefficients in the
linear dependence equation before the products in (B.7) by a1, as, ..., as respectively.

We now consider the equations that we get by reading off the coefficients next to the

basis elements /\g)\gx\’j)\g for several choices of a, b, ¢, d with a, b, ¢, d being all different num-
bers. First one can compute the following part of the expansion of Swap,;Swap;,Swapy,,

| | 1 . . 1 . .
-5 ANINEAL 3 ANINENL 3 MNAEN] — 3 AN
Note that by permuting i, j, k, [, we can obtain four terms in the expansion of the other

four elements in (B.7). E.g., by interchanging k and [, we see that Swap,;Swap;;Swap,,
has in its expansion the four terms

| 1 . . 1 . . |
= AN AEND 4 3 AN AEAL 4 3 AAARAL — 3 PYPYALILE

Using this, one can easily obtain the following equations by comparing the coefficients
next to several terms of the form A A AFA!

)\é/\{/\]g/\il o —artast+ag=0
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MMM —a +as+a5 =0
MMM ay —ag+as+a5=0
NXNMAL D —ap+az+ag =0
NNMAL D o) —ay+a5=0
NN —ag+az+as—a5 =0
AN —a) 4 a3 —ay = 0.
The above system of equations has a unique solution oy = ay = --- = a5 = 0. This proves

that for any choice of i < 7 < k < [, the coefficients in the linear dependence equation
before the elements in (B.7) are zero.

(d) We are left with a linear dependence involving terms of degree at most two, which
contradicts linear independence of B, as shown in Proposition B.1. [

B.4. Linear subspace of Mj3.(C) spanned by the products of at most four swap
matrices. Recall from the previous subsection that we compare tuples (i,7) and (k,1)
w.r.t. the lex ordering.

Proposition B.4. The set B, consisting of Bs and the following quartics
Swap,;Swapy,Swap,,Swap,, 1< j, k<, p<gq, r <s,

. (1) < (5.1) < (pra) < (r,9);
(B.9) :vvapijSWapijWappqSWapm 1< j <k, p < q,r < s, |
wap;;Swapy Swap,,Swap,,  p,¢, 7,8 & {i,j,k}, (p,q) < (r,s);
Swap,;Swap ;. Swapy, Swap,,,, Swap;;Swap,;;Swapy,Swap,,,
(B.10) Swap,,.Swap,,Swap;Swap,,,, Swap;,Swapy,Swap;Swap,,,
Swap; Swap;;Swap;Swap,, i <j<k<Il, p<gq, p,q & {i,j,k,1};
Swap,;Swap ;. Swap,,,Swap,,., Swap,;Swap;,Swap,,Swap,,,
(B.11) Swap,;Swap;,Swap,,,Swap,,, <j <k, p<qg<r, i <p,
{i,5,k} N {p,q; 7} = 0;
SwapiijapikSWapﬂSWapjm, SwapijSWapikSWapﬂSWapkm,
SwapijSwapikSwapleWapkm, SwapijSWapilSWapijWapjm,
SwapijSWapimSWapijWapﬂ, SwapijSWapilSwapimSWapjk,
(B.12) Swap,;Swap,, Swap;,,,Swap;, Swap,;Swap;, Swap;,, Swapy,,

SWap;;SWap SWap; Swap;,,,, SWap;;Swap; Swap;Swapy,,
Swap,;Swap;, Swap;; Swapy,,,, Swap;;Swap,,Swap; Swap,,,
1<j<k<l<m,
is a basis of the subspace of M5 (C) of polynomials of degree at most four in the Swap;;.
Proof. The spanning property of B, follows after identifying the products of swap matrices

with permutations in S,, using the degree-reducing relation (1.5) with d = 3. Indeed,
considering the elements which correspond to the product of a 4-cycle and a disjoint
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transposition, the type Swap;Swap,,Swap,;Swap,, missing in (B.10) is clearly in the
span of B, by (1.5). As for the elements that correspond to 5-cycles, there are 12 of the
total 24 5-cycles on the letters i, j, k, [, m missing in (B.12). Their expansions in terms of
the elements of By are given in Subsection B.4.1.

Now suppose there is a linear dependence between the elements of B, and express the
appearing terms w.r.t. the basis (B.3) using the formula (B.4). We gradually eliminate
terms from this relation starting with the ones with highest order terms.

(a) Consider the elements in (B.8). For any choice of indices i < j,k < l,p <
q,r < s with (i,7) < (k,1) < (p,q) < (r,s), the highest order terms in the expansion
of Swap;;SwapgSwap,,Swap, are of the form

NN AN NNNNS g bede{l,... 8}

The product formula (B.2) implies that the elements in (B.8) are the only ones in B,
with such terms and more precisely, for any choice of i < j,k < I,p < ¢q,r < s with
(i,7) < (k,1) < (p,q) < (r,s), the element Swap;;SwapySwap,,Swap,s has the term
AL AT AE AL AP AIAT A8, which does not appear in the expansion of any other element of 5.
Hence, by analogy, the coefficients next to each of the elements in (B.8) are zero.

(b) Now the elements in (B.9) are the only ones with highest order terms of degree 7,
meaning, involving 7 distinct indices. Using part (b) of the proof of Proposition B.2, for
any choice of i < j < k,p < ¢q,r < s with p,q,r,s ¢ {i,7,k}, (p,q) < (r,s), the element
Swap;;Swap,rSwap,,Swap,s has in its expansion

Ny, N,AE AE AL NGNS + AN NS AEAEAIAG NS = i A5 M AR A AE AT NS + SN N AEAE MG NS
But Swap,jSwap;,Swap,, has in its expansion
AU A AEAE AL NG AL N NG AE AEAE A A = —i AL M A AR AL NG Aj+5A A MG AEAEAG A,

By the same argument as in part (b) of the proof of Proposition B.2, all the coefficients
next to the elements in (B.9) are zero.

(¢) The elements in (B.10) and (B.11) are now the only ones with with highest order
terms of degree 6. We first consider those in (B.11). For fixed i < j < k,p<qg<r,i<p
with {4, 7, k} N {p,q,r} = 0, denote the coefficients next to the elements

Swap,;Swap ;. Swap,,,Swap,,., Swap,;Swap,,Swap,,, Swap,,., Swap;;Swap,;, Swap,,,Swap,,,.

by B1, 52 and [33 respectively. Clearly, these are the only elements in (B.11) whose high-
est order terms involve precisely the positions i, 7, k, p, ¢, 7. So comparing the coefficients
next to the basis elements \j M N XY AL A2 AN M AEXP AL AT and N2 M, AE AP AL L give the
following equations

o 1 1 1
NN AN MM =8 —i=By +1i-83 =0

4 4 4
i3I kAP VG T . 1 1 1
Ag A5 Ag AL A AT _1151 —HZBZ—HZ&)’:O
AL A2 AT —£51+£62—£63—0

The above system has a unique solution #; = s = 3 = 0. Note that each of the highest
order terms of the elements in (B.10) necessarily has one of the Gell-Mann matrices A re-
peated twice. So the coefficients next to the basis elements A5 Xj A8 AP AT AE AL AE AP AT AT
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and A\ ANENEAZ AL in the expansion of the elements in (B.10) are zero. Similarly, each
of the highest order terms of the elements corresponding to products of three disjoint
transpositions has (at most) three distinct Gell-Mann matrices, each repeated twice.
Hence, the coefficients next to the basis elements X5 X, AE AP AL A2 XO XL AE NP AL AE and
ALAL AE AP AL L in the expansions of those elements are zero as well. We conclude that
the coefficients next to the elements

Swap,;Swap ;. Swap,,,Swap,,., Swap;;Swap,, Swap,,,Swap,,., Swap,;Swap,,Swap,,,Swap,,.,

are zero and by analogy, the coefficients next to all the elements in (B.11) are zero.

Having eliminated the elements in (B.11), the fact that the coefficients next to the
elements in (B.10) are zero easily follows from part (c) of the proof of Proposition B.2.

(d) Now the elements in (B.12) are the only ones in B, with highest order terms of
degree 5. For fixed 1 < j < k < [ < m denote the coefficients next to the quartics in
(B.12) by 71,...,72 respectively and note that these are the only elements in (B.12)
whose highest order terms involve precisely the positions ¢, j, k, [, m. Similar to before, we
now compare the coefficients next to several basis elements of the form A, A A¥ AL A™ to
get a system of equations. We only consider coefficients next to elements ! )\i AEAL Am
with a, b, ¢, d, e all distinct to ensure that none of them appears in the expansions of the
elements (B.6) corresponding to a product of a 3-cycle and disjoint transposition. From
the system

MM MMAT S 27— 95— Y6+ 77+ 78 + %0 — 2710 — Y12 = 0,

NN MEXNNT v — 9 =y + 97 — Y10 + 711 — Y12 = 0,

N MMM =291 — 95 — 96 + 97 + 98 + %0 — 2710 + Y12 = O,
NMMNNMAY . =+ +73+%— 75— %6 — 2711 + 2712 = 0,
NMMMAT . M+ —7+7%— %+ % — 297 + 27 =0,

N MMNAT S iy — Y+ 29 + 77 — 290 + 710 + 111 + 12 = 0,
MMM =+ 72 +7— 7+ 75+ % — 2 + 2012 =0,
NMMNENAT . =29+ 29— 29+ 95 — Y6 + 7 — Vs — Yo + Y12 = 0,
NN v+ —v =t — 7% — 29+ 27 =0,

we deduce 76 = 0. Adding the equations
NAAMANT . M+ 72+ 71497+ 2% — 710 — 1 — N2 =0,
MMM =292+ 2%+ 2%+ 75+ 77— % — Y — Y12 =0,
MMM —29 4+ 93— 274+ 277 — Y8 — Yo+ 711 =0

yields v = 0. Moreover, from
NMAMNAT M — 72— 7 +275 — 7+ 710+ 711 — Y12 =0,
we obtain vy; = 11 = 0. Finally,
MMM =+ —7—2%+70—712=0
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AVEVEY )
MMAAA D =14+ +70—711=0

vields i =7 =73 =7 =7 =78 = 710 = 712 = 0.
(e) What remains is a linear dependence involving terms of degree at most three, which
contradicts Proposition B.2. [ |

B.4.1. Ezxzpansions of the remaining 5-cycles. To complete the proof of Proposition B.4
we list the expansions of the 5-cycles not contained in the basis. These were produced
with the help of noncommutative Grobner bases, but can be readily verified by direct
matrix calculation.

Swap sSwap,,Swap3Swap,, = %SW&plQSwap15SWap23SWap24

+ 3 Swap,Swap, Swap,sSwapy; + 3 Swap,Swap,sSwaps,Swaps;

+ Swap,,Swap,3Swap, Swaps; + 3 Swap;,Swap; sSwap,, Swapos

+ % SWap;9SWap3SWap, s Swapy, + % SWap;9SWap;33Wap;,Swapss

- % SWap,3SWapzySWapss — % SWapy3SWapy; SWaps, — % SWaP,3SWapyySWap,s
— Swapy;Swap,,Swapg; — 3 Swapy;Swap,,Swap,; + 3 Swap,;Swap,sSwaps,
+ 5 Swapy,Swap,sSwap,; — 3 Swap;,Swap,sSwapss — 3 Swap,,SwapysSwap,s
— Swap,3Swapg,Swapgs — % Swap,3SWapys; Swaps, — % Swap,3Swapy, Swap,s
- %SwaplgswapMSWapgg, - %SwapBSWapMSWapQS - % Swap3Swap,;Swaps,
- % Swap3Swap,;Swapy, — % SwapsSwap,Swap,; — % Swap,3Swap, 4 SWapgs
— 3 Swap,sSwap,,Swapy; — 3 Swap;sSwap,,Swap,; + 5 Swap,,Swapg,Swap,;
+ % SwWap;9SWapys SWaps, — % SwWap;9SWapy,SWapss — % Swap;53Waps, SWapys
+ % Swap;9SWapys SWap 5 — % SWap;9SWapys SWapys — % Swap;9SWapPys SWaPay
— Swap,,Swap,5Swap,y, — 5 Swap;,Swap,;Swap,; — 5 Swap;,Swap,, Swap,;
- %SwapmSWapMSwap% - %SwaplgswapMSWap% - % Swap,Swap;sSwap,;
- %SwapmSWapMSWapw — Swap,Swap,zSwapss; — % Swap,Swap;zSwaps,
— % SWap;9SWap;3SWapys — SWap;,SWap,3Swapy, — % Swap;,9wap;sSwap; s
— 3 SwapSwap;3Swapy, + 5 Swaps,Swap,; + Swaps,Swaps; + 5 Swapy;Swaps,
+ Swapy,Swap,s + SwapySwapss + Swapy,Swapys + SWapysSwapss

+ 1 Swap,3Swapy, + Swapy;Swapys + Swap,gSwap,y, + 3 Swap;;Swap,,

+ 3 Swap;Swap,s + Swapy,Swaps; + Swapy, Swapy; + 3 SwapSwap;

+ Swap,,Swap,; + 5 Swap,3Swap,; + Swap;sSwaps; + Swap,;Swaps,

+ Swap;35wapys + Swap,3Swap,y, + Swap,3Swap;; + Swap;sSwap, 4

+ 2 Swap;,Swapg; + 3 Swap;,Swap,s + Swap;,Swap,, + 3 Swap;,Swap,,

+ Swap,,Swap, 5 + Swap,Swap,, + Swap,,Swap;; — Swap,; — 3 Swapg; — Swaps,

— %Swap25 — % Swapsg, — SWapys — SWap;; — % Swap;, — %Swap13 — Swap, + 2

Swap;,Swap;sSwap;33wap,, = %Swap12Swap15Swap238vvap24

+ % SWap;9SWap;,SWapy; SWapys — % Swap;93Wap;3SWaps, Swapss
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— Swap,Swap,3SwWap,, Swapg; — % Swap,,SWap,3SWapy, Swapy;

+ Swap,,Swap,3Swap, ;Swaps, + 3 Swap;,Swap,sSwap,;Swap,,

+ Swap,,Swap,sSwap,,Swap,s + % Swap;,9Wap;3Swap;,Swapss

+ Swap,,Swap;35wap;,Swapsys + SWap;,Swap;3Swap,Swap

+ 5 Swap,gSwaps,Swaps; — 3 Swap,sSwap,; Swaps, — 3 Swap,sSwapy,Swap,s
- % SwapysSwapyySwap,; — % Swap,55WapysSwaps, — SWap55Wapy3Swapy,
— % Swap;,SwapysSwap,; + % Swap;,SWapysSWapss — % Swap; ,SWapys SWapys
+ Swap,sSwaps,Swapgs + & Swap,3Swapy;Swapg, + 3 SwapsSwap,,Swap,s
+ 3 SwapgSwap,,Swapss + 3 Swap;sSwapy,Swapy; — & Swap,sSwap,;Swaps,
- % SwapsSwap;5Swap,, — % SwapygSwap,sSwap,; — % Swap,3Swap,4Swapss
- %SwaprWapMSWap% - %Swaplg,SWapMSwaplg, - % Swap,Swaps,Swap,s
— 3 SwapySwap,;Swaps, + 5 Swap,Swapy, Swaps; + 5 SwapSwap,,Swapys
+ % Swap;,Swapy;Swap,s — % Swap;,59Wapy; SWapsys — % SWap;5SWapysSWapy,

% Swap,Swap ;5 Swap,; — % Swap,Swap,sSwap,s;

— Swap,Swap;sSwaps, —
- %SwapuSWapMSWap% - %SwaanvvapMSWap% - % Swap,Swap, s Swap,;
- % SwapySwap4Swap;; — % Swap;,Swap3Swaps, — % SwapySwap,3SWapys
— % Swap,,Swap;sowap;; — % Swap,,Swap;sSwap;, + % Swaps,Swap

+ 5 Swap,;Swaps, + 3 Swap,sSwaps, + SwapysSwap,y; + Swap,sSwap,,

+ Swap,;Swapsg, + 1 Swap;;Swapy, + Swap;;Swap,; + 3 Swapy,Swap,s;

+ % Swapy,Swapy; — % Swap,3Swap,; + Swap zSwap,; + Swap;3Swapy,

+ 3 Swap,Swapg; + Swap;,Swaps, + 5 Swap;,Swap,; 4+ 3 Swap;,Swap,,

+ Swap,,Swap,5 + Swapy,Swap,y + Swap,,Swap;; — & Swapgs — Swapg, — 5 Swapos

— 5 Swapy, — Swap,; — Swapy; — 5 Swapy, — 5 Swap;3 — Swapy, + 1

Swap ;Swap,sSwap, ;Swap,, = _% Swap,Swap, 5 Swapyz Swapo,

+ % SWap,SWap,,SWapys SWapys + Swap,,Swap, 4 Swap,5Swapys

+ % Swap,,SWap,3SWaps,Swaps; — Swap,Swap3Swap,,Swaps;

+ 2 Swap,Swap,sSwap,,Swapy; + Swap;,SwapsSwap, s Swaps,

+ 3 Swapy,Swap,sSwap, s Swapy, + Swap,Swap,sSwap,,Swap,s

— % Swap,,Swap;3Swap,,Swapss + Swap;,Swap;3Swap,; ,Swap 5

- % Swap,3SWapzySwWapss — % SWapy3SWapys; SWaps, — % SwapyzSwapy, Swap,;
+ Swap,yzSwapy,Swapss — % SWapysSWapy,SWap,; — % Swap,55WapyzSwaps,
— 3 Swapy,Swap,sSwapy; + 3 Swap,,SwapysSwapg; — 5 Swap,;SwapysSwap,;
— Swap,,Swap,5Swap,s + 3 Swap;sSwap,;Swaps, + 3 Swap;sSwap,,Swap,s
+ % Swap;3SWapy, Swapss — % Swap;3SWapy,SWapys — % Swap;33wap; 5 SWapay

- % Swap,3SWap;55Wapy, — % Swap;3Swap;4Swap,s + % Swap,3Swap,4Swapss
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+ 2 SwapsSwap,Swap,; — 3 SwapsSwap;,Swap,; — 3 Swap;,Swaps,Swap,s
+ 3 Swap,Swap,sSwaps, + 3 Swap,,Swapy,Swaps; — & Swap,Swapy,Swap,;
— 3 Swap,,Swap,sSwap,; — 5 Swap;,SwapysSwapys + 5 Swap,SwapysSwap,,
- %SwapuSwaplg)Swap% - %SwapmSWapMSwap% - % Swap,Swap, s Swapss;
- % Swap;ySWap;4SWapys; — % Swap;,SWap;4SWapgs — % SwapySwap,4Swap;
— Swap,Swap,gSwap,; — % Swap,Swap;zSwaps, — % Swap,Swap;zSwap,;
— 2 Swap,,Swap,sSwap,; — 3 Swap;,Swap,sSwap,, + 5 Swaps,Swap,s

— 1 Swap,;Swaps, + SwapySwap,; + Swap,;Swap,; + 3 Swap,sSwaps,

+ Swap,sSwapy; + 1 Swap;Swapy, + Swap;;Swap,s + 5 Swapy,Swapys

+ % Swap;,SWapys + Swap;,Swap;; + % Swap;35wap,; + Swap;3owap;;

+ Swap,,Swaps + 5 Swap;,Swapss + 3 Swap;,Swap,; + 3 Swap;,Swap,,

+ Swap,Swap,5 + Swap;,Swap,, + Swap,,Swap;; — Swapy; — 5 Swapgs

— %Swap25 — % Swapg, — SWapys — SWap;; — % Swap;, — %Swaplg, — Swap;, + 1

SwapgSwap, s Swap, ;Swap,, = _% Swap,Swap, s Swapyz Swapy,

- % Swap,Swap, ; SWapy3 SWapy; — SWap;pSwap;,Swap,sSwapy;

— % Swap,,SwWap;3Swaps,Swapss + % SWap;,S9Wap;3SWaps, SWapys

— Swap,,Swap,3Swap;sSwaps, — % Swap,Swap,3Swap, 5 Swap,,

+ % Swapi,Swap;3Swap,,Swapss + Swap;,Swap;3Swap; ;Swapos

+ 1 Swap,3Swaps,Swapss + 3 Swap,sSwapy;Swapg, + & SwapysSwapy,Swap,;
— % Swap,sSwap,,Swapy; + 5 Swap;SwapysSwapg, — 5 Swap,;SwapysSwap,;
- %SW&p14SW3P23SW3P35 - %SW&pMSWElp%SWE%p% - % Swap,3Swapys; Swaps,
+ 1 Swap,3Swap,,Swap,; + 3 Swap;;Swap,,Swapgs + & Swap3Swap,,Swap,;
+ % Swap;sSwap;sSwaps, + % Swap;3Swap;;Swapsy, + % Swap;3Swap;,Swap
- % Swap3Swap,Swapss; — % Swap3Swap,4Swapy; + % Swap,zSwap,4Swap; s
+ 3 Swap,Swaps,Swap,; — 3 Swap;,Swapy; Swaps + 5 Swap,,Swapy,Swap;
— 5 Swap,,Swap,,Swapys + 3 Swap,,SwapysSwap,s + 5 Swap,SwapysSwap,;
+ % Swap;9SWapys SWapy, + % Swap;,SWap;5SWapy; — % Swap;oSWap;,Swap

+ % Swap;ySwap;4Swapss — % Swap;,Swap,,Swapy; + % Swap;ySWap;4SWapas

+ 3 Swapy,Swap,,Swap,; + 3 Swap,,Swap,3Swaps, — & Swap,,Swap,sSwap,;
+ % Swap;,Swap;3Swap; — % Swap;,SWwap;3Swap,, — % Swaps,Swap

+ % SWapysSWaps, — SWapy,SWapss — % SwapysSwaps, — % Swap; 5 Swapayy

+ 3 Swapy,Swap,s + Swap; ;Swapys + 5 Swapy,Swapy; — 3 SwapgSwap,;

— Swap;3Swapy, — Swap,35wap,; — % Swap,,Swapss + % Swap,SWapys

— 3 Swap,,Swap,s + 3 Swapss — 5 SWap,; + 5 Swap,, — 3 Swapy, + 3 Swapy;



QUANTUM MAX d-CUT VIA QUDIT SWAP OPERATORS

Swap,,Swap,3Swap,5Swap,, = %Swap12SWap15SWap23SWap24

— 3 Swap;,Swap,,Swapys Swapy; + Swap,Swap,,Swap, s Swapos

+ % SwWap;5SWap;33Waps, SWapss — % SWap;93Wap;33Wapy, SWapys

- % Swap,,SWap3SWap;sSwap,, — Swap;,SwapsSwap;,Swap,;

- % Swap ,Swap,3Swap, ,Swapgs — SWap;pSwap;3Swap,,;Swapys

— 3 Swap,sSwaps,Swapss + 3 Swap,sSwapy; Swaps + 5 SwapysSwapy,Swap,;
+ 5 Swap,gSwap,, Swapy; — 3 Swap;;SwapysSwaps, + 5 Swap,,SwapysSwap,;
+ 1 Swapy,Swap,sSwapss + 2 Swap,,Swap,sSwapy; + 1 Swap;Swapy; Swaps,
- %SwaplgswapMSWap% - %SwaplgswapMSWapgg) - % SWap)35WapyySWapys
+ % Swap,3Swap;Swaps, — % Swap,35wap,;Swapsy, + % Swap3Swap; ,Swapys;
+ % Swap;sSwap;,Swapss + % Swap;sSwap; ,Swapys — %SwapmSwaupMvaap15
+ 1 Swap,Swapg,Swap,; + 3 Swap;,Swapy;Swapg, + & Swap,Swapy,Swaps;
+ % Swap ySWapy,SWapys; — % Swap,,SWapysSwap,; + % Swap ySWapy3SwWapas,
— % SWap;,S9WapysSWap,, — % Swap,,59wWap,;Swapsys + % Swap,,Swap; ,Swapys;
+ 5 Swapy,Swap,,Swaps; + 3 Swap,,Swap,;Swapy; — 5 Swap,,Swap, ;Swap,,
— 1 Swap,,Swap,,Swap,; — 3 Swap;,Swap,3Swapy, + 5 Swap;,Swap,;Swap,;
+ % Swap,,Swap;3Swap;; + % Swap,,Swap;sowap,, — %Swap34SWap45

— % SwapgysSWaps, + % SWapgy3SWapPs, — SWaPysSWapys + % Swap;5SWapay

- %SWE’PMSW&P% — Swap,,Swapg; — Swap;,Swapy; — % Swap;,Swapy,

+ & Swap;sSwap,; + Swap;sSwapy, — 3 Swap;,Swapgs — 3 Swap;,Swap,s

+ 1 Swap;,Swap,s + 3 Swapg; + 3 Swap,; — 3 Swapy, + 3 Swapy, — 5 Swapyg

Swap,zSwap,,Swap;sSwapyy = _% Swap,Swap, s Swapyz Swapy,
- % Swap,,SWap, 4 SWap,sSwap,; — Swap;,Swap,Swap;sSwap,s
— 1 Swap,,Swap,sSwaps,Swapgs + Swap,,Swap, sSwap,, Swapss
- % Swap ,Swap;3Swapy, SWapy; — SWap;pSwap,3Swap; s Swaps,
- % Swap,SWap3Swap;sSwap,, — Swap;pSwapsSwap;,Swap,;
- % Swap,Swap,3Swap, ;Swapgs — SWap;pSwap;3Swap,,;Swapys

— 2 Swap,,Swap,;Swap,,Swap, 5 + 3 Swap,sSwaps, Swapss
1
2
1
2

+ 5 Swap,gSwap,s Swaps, + 3 Swap,sSwapy,Swap,s + 3 SwapysSwapy,Swap,;
+ 5 Swap,;Swap,sSwaps, + Swap;Swap,gSwap,, + 3 Swap;,SwapysSwap,s
— % Swap;,Swapys Swapss + % Swap,4SWapesSWapys + Swap;,Swap,5Swapas;
- % Swap,3SWapy; SWaps, — % Swap,3SWapy,Swap,s — % Swap,35Wapy,SWapgs
+ % Swap;35wapy, Swapss + % Swap,3Swap;sowaps, + % Swap35wap;;Swaps,
+ 5 SwapgSwap,,Swap,; + 5 Swap;sSwap,,Swapss + 5 Swap,sSwap, ;Swap,;

+ 3 Swap,3Swapy,Swap,; + 3 Swap;,Swaps,Swap,; + Swap;,Swaps,Swapss
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+ % Swap,,Swapy;Swaps, — % Swap,SwapyySwaps; + % SWap ySWapy,SWapas
+ 3 Swap,Swap,sSwapys + 3 Swap,,SwapysSwapy; + 3 Swap,SwapysSwap,,
+ Swap,,Swap,5Swapg, + 3 Swap;,Swap,;Swap,s + 3 Swap;,Swap,,Swap,s
+ 1 Swap,Swap,Swapss + 3 Swap;,Swap,Swapy; + & Swap;,Swap, ;Swap,;
+ 3 SwapySwap; Swapy; + SwapypSwap3Swap,s + 5 Swap;ySwap;;Swaps,
+ 3 Swap,SwapgSwap,s + 2 Swap,,Swap,sSwap,; + 2 Swap,,Swap,3Swap,
- % Swapg,Swap,; — Swapg,Swapgs — % Swap,sSwaps, — Swapy,Swapos

— SwapyzSwap,; — % SwapysSwaps, — SWapyzSwapys — SwapysSwapy,

— SwapysSwapgy — % Swap,sSwapy, — Swap,5Swapy; — % Swap, 4 Swap,s

- % Swap,4SWapys — Swap,Swap;; — % Swap,3Swapy; — Swap;gSwap,;

— SwapgSwapy — Swap;,Swapy; — % Swap,Swapss — Swap,Swapay

- %SwapuSWfiP% - %Swaplzswap% — Swap;,Swap;5 — Swap,Swap,y

— Swap,Swapy 3 + Swapy; + 3 Swapg; + Swapg, + 1 Swapy; + 1 Swapy,

+ Swap,s + Swapy; + 5 Swapy, + 3 Swap3 + Swap;, — 1

Swap,;Swap;,Swap,Swap;3 = —Swap;,Swap;sSwapy, Swapys

— Swap,Swap,3SWap55Wapy, — Swap,Swap,3Swap,;Swap,s,

— Swap,,Swap,3Swap,Swap,; — Swap;,Swap,3Swap, 4Swap;

+ Swapy; SWapy, SWap,s + SWapy; SWapy, SWapPgs + SWap,5SWapy; SWapay,
+ Swap, Swapy;Swap,s + Swap,,SWapysSWapss + Swap,,Swap;;Swapas
+ Swap,,Swap,35wap,; + Swap,,Swap;35Wapsys + SWap;,Swap;3SWapayy
+ Swap,,Swap,3Swap,; + Swap,,Swap,3Swap,, — SwapysSwap,s

— SwapyzSWapy; — SWapPy3Swapy, — Swap;5Swapy; — SWap;;Swap,;

— Swap;,Swap3 + Swapyg

Swap s Swap;,Swap, ;Swap;3 = —Swap;,Swap,3Swapy, Swapgs

+ Swap;,Swap;3Swap,;Swaps, + Swap;,Swap,35wap, 5 Swapsy,

+ 2 Swap,,Swap,3Swap;,Swap,s; + Swap;,Swap;3Swap,,Swapss

+ Swap,,Swap,3Swap, ,Swapys + 2 Swap,,Swap,sSwap,,Swap;;

— SWap,3SWapyySWaps; — SWap,ysSwap,, SWapy; — SWap5Swap,sSwap,,
— Swap,Swapy3Swap; — Swap;,Swap,gSwapy; — Swapy,Swap;sSwap,g
+ Swap,35Wapy; Swaps, + SWap;35Wapy,SWap,5 + SWap;3SWapy,SWapss
+ Swap;3Swap,, Swapys — Swap,3Swap;;Swaps, — SWap;33wap;,Swap
— Swap3Swap,sSwapgs — Swap;3Swap,Swap; — Swap,Swaps,Swapy;
— Swap,,Swapg,Swapgs — Swap;,Swap,;Swapg, — Swapi,Swap;,Swapy;
— Swap,Swap,sSwWapgs — Swap;,Swap,Swap,; — Swap;,Swap;sSwapy;

— 2 Swap,,Swap;sSwap,; — 2 Swap;,Swap,3Swap,, + Swaps,Swap,s
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+ Swaps,Swapss + SWapy3Swap, s + SWapy3 SWap,s + SWapysSwapyy,
+ Swap,sSwaps, + Swap,5Swapes + Swap,,Swap,s + Swap;,Swapss
+ Swap,4Swapys + Swap,Swap;; — SWap;3SWapys — SWap;3SWapy
+ Swap,3Swap,5 + Swap;3Swap,, + Swap,,Swap,; + Swap;,Swapss
-+ Swap,,Swaps, + Swap;,Swap,; + Swap,,Swap;, + Swap;,Swap;;

— Swap,; — Swaps; — Swaps, — Swapyg — Swap;; — Swap;, — Swapy + 1

Swap,,Swap5Swap;,Swapg = —Swap,Swap;3Swaps,Swaps;

— Swap,,Swap,3SwapsSwaps, — Swap;,Swap3Swap, ;Swap,;

— Swap;,Swap,3Swap;;Swapgs — Swap;,Swap,3Swap, ;Swap;

+ Swap,,Swaps,Swap,; + Swap,,Swaps,SWapss + Swap;,Swap;;Swaps,
-+ Swap,Swap,,Swap,; + Swap;,Swap;,SWapss + SWap;,Swap,Swap
+ Swap;,Swap,39wap,; + Swap,,Swap;39wapss + Swap;,Swap;3Swaps,
+ Swap,,Swap,35wap 5 + Swap;,Swap;39wap;, — SWap;5OWap,;

— Swap,SwWapg; — SWappSwapg, — Swap;pSwap;; — Swap;,Swapy,

— Swap;,5wap,5 + Swap;,

Swapy;Swap3Swap;,Swapy, = —Swap,Swap,,SwapasSwap,;

— Swap ,Swap,,SWap;55Wapys — SWap,Swap,3Swaps,Swapss

+ Swap,,Swap,3Swap,,Swapss — 2 Swap,,Swap;3Swap,;Swaps,

— Swap,Swap,3Swap,5Swapy, — 2 Swap;,Swap;3Swap;,Swap s

— Swap;,Swap,3Swap,,Swaps; — Swap;,Swap,3Swap, ;Swap,;

— 2Swap,,Swap,3Swap,,Swap 5 + Swapy;Swaps,Swapss

+ Swapy3Swapys SWaps, + SWapPys SWapy, SWap,5 + SWapyg SWape, SWapys
+ Swap,55wapy3Swaps, + SWap;5SWapPy;SWapPy, + SWapP;,SWapPes SWap 5
-+ Swap,,Swapy3SWapys + Swap;,SWap;59Wapyg — SWaP;39WaPys SWaps,
— Swap;35wapy,Swap,s + Swap;sSwap;;3waps, + Swap;3Swap;;Swapy,
+ Swap3Swap,,Swap,; + Swap;3Swap;,Swapss + Swap;3Swap,Swap
+ Swap,,Swaps, Swap,s + Swap,,Swaps,Swapss + Swap,,Swap,;Swaps,
+ Swap,,Swap,,Swap,s; + 2 Swap;,Swap;,Swapss + Swap;Swap,,Swapgs
+ Swap,,Swap, ,Swapys + 2 Swap,,Swap,,Swap;; + Swap,,Swap;sSwap,s;
+ Swap,,Swap,3Swaps, + 2 Swap;,Swap;3owap;s + 2 Swap;,Swap;3Swap,4
— Swapg,Swap,; — Swapz,Swapgs — SWapy,Swapgs — SWapPy SWapy;

— Swapy;SwWap,; — SWapPy3Swapy, — SWapgzSWapy; — SWapPyzSwapy,

— Swap,;Swapgy — Swapy5Swapy, — Swap;55wapyg — Swap;,Swapy;

— Swap,,Swapss — SWap;,SWapyg — SWap;,SWap;; + Swap;3Swapys

— SwapgSwap,; — Swap;3Swapy, — Swap;ySwap,; — Swap;,Swaps;
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— Swap,Swaps, — Swap,Swap,; — 2 Swap;,Swap;, — Swap;,Swap;;

+ Swap,s + Swapss + Swaps, + Swapy, + Swap,ys + Swaps + Swap;, + Swap;, — 1

Swap,3Swap,Swap;sSwapy, = Swap;,Swap4Swap;;Swap,s

+ Swap;,Swap;35Waps, SWapss — SWap;,owWap;33wWap,, Swapss

+ 2 Swap,,Swap,35wap,;Swaps, + Swap;,Swap;3Swap;;Swapayy,

+ Swap,,Swap,sSwap, ,Swap,; + 2 Swap,,Swap,sSwap,,Swap;;

— Swap,3Swapg,SWapss — SWapysSwap,; SWapg, — SWapgsSwap,,Swapy;
— Swap,3Swapy,SWapy; — Swap;;Swap,gSwapg, — SWap5Swap,sSwap,,
-+ Swap,,Swapy3SwWaps; — SWap;,SWap;5SWapPys + SWapP;35Wapys SWaps,
+ Swap;3Swap,,Swap,; — Swap;39wap;;9Waps, — SWap;33Wap;;SwWapy,
+ Swap,3Swap,4Swapys — Swap3Swap;sSWap 5 — Swap;,Swaps,Swap,s
— Swap,,Swapg,Swapgs — Swap;,Swap,;Swapg, — Swap,Swap;,Swaps;
— 2Swap,Swap,,Swap,5 — Swap,,Swap,35Wap,; — SWap;,SWap;3SWapay
— 2Swap,,Swap,3Swap,; — Swap,,Swap,3Swap;, + Swaps,Swap,s;

+ Swaps,Swapss + SWapPy, SWapss + Swapy,SWapPys + SWapygSwap,s

+ Swap,ysSwaps, + Swapy3SwWapes + Swapy;Swap,y, + Swap;sSwaps,

+ Swap;sSwapy, + Swap;;Swapy; — Swap,,Swapss + Swap;,Swap;;

— Swap3Swapys + Swap,3Swap, 5 + Swap,,Swap,; + Swap,,Swapss

+ Swap,Swaps, + Swap,;,Swap;; + Swap,,Swap;, + Swap;,Swap, 3

— Swap,; — Swapss — Swapsy — SwapPyy — SWapPyg — SWap;; — Swapy + 1

Swap,,Swap,3Swap,Swap;5 = —Swap;,Swap, s SWapyz Swapy,

— Swap;,Swap, ;SWap,5Swap,y — Swap;,Swap,3Swap, 5 Swaps,

— Swap;,SWap,3Swap,sSwap,, — Swap;,Swap,3Swap, ;Swap;

+ Swap,5SwWapy3Swaps, + Swap,5SWapysSwaps, + Swap;,Swap;;Swapas
+ Swap;3Swap;;5waps, + Swap,3Swap;sSwapy, + Swap,;Swap;,Swap;;
+ Swap;,Swap,5Swaps, + Swap;,Swap;;Swapy, + Swap;,Swap;;Swapys
+ Swap;,Swap,,Swap,; + Swap,,Swap,3Swap;; — Swap;;Swaps,

— Swap,55Wapy, — SWap;5Swap,y — Swap,,Swap;5 — Swap;3Swap;

— Swap,Swap,; + Swap 5

B.5. Gell-Mann matrices of size 4 x 4. In the case d = 4, the fifteen 4 x 4 Gell-Mann
matrices are

0100 0 —i 00 1 0 00
1000 i 0 00 0 -1 00
Al_0000 AQ‘oooo A3_0000
0000 00 00 0 0 00
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0010 00 —i 0 000 0
0000 00 0 0 0010
A4_1000 AE’_1000 A6_0100
0000 00 0 0 0000
00 0 0 10 0 0 000 1
w_ |00 —io _ 1o 0o 0], (0000
““lo i 0 o0 vV3loo —20] 7 looo0o0
00 0 0 00 0 0 1000
000 —i 0000 000 0
000 0 000 1 000 —i
AlD_0000 All_0000 A12_0000
i 00 0 0100 0i 0 0
000 0 000 0 100 0
\._ 0000 N o L]oto o
Y710 001 “7lo oo - PTsloo 1 0
0010 00 i 0 000 —3

Any product of two such matrices can be expanded in this basis according to a similar
formula to (B.2),

15
(B.13) Aoy 5ab1+z (d¥"C 4+ ifo>e) \,,
c=1

where the structure constants f**¢ and d**¢ can be again computed via

1 1
fobe = —Zitr()\a[)\b, AJ) and d*"¢ = 1 tr(Aa{ s, Ac}).
In this case the nonzero f»*¢ are

f1,2,3 — 1’ f1,5 ,6 fl ,10,11 f3 ,6,7 f3 11,12 f4,10,13 — f6,12,13 =,
2
f1,4,7 :f1,9,12 f246 f257 f2911 f2 ,10,12 f345 f3910 _

1
4914 _ 5913 _ 510,14 _ 611,14 _ ;71113 _ £7,12,14 _
/ =f =f =f =f =f =3
FASS — 678 _ @ FE910 _ 81112 1
2 2v3’

1 2
813,14 _ _ 910,15 _ £11,12,15 13,14,15 <
f L peso s paws f2

and the nonzero d*¢ are

LIS — 228 _ 338 _

B88 — 813,13 _ 814,14 _

-

JULIS — 2205 _ 3315 _ gA415 _ 5515 _ 46,615 _ 7715 _ 88,15 _

x
\/37
1
V6

J9915 — 10,1015 _ JILI115 _ g12,12,15 _ 7131315 _ 14,1415 _ _ 1

7

L6 — gLBT — qL901 _ g11012 _ 256 _ g210,11 _ 344 _ 355 _ 7399 _
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J310.10 _ 4913 _ 41014 _ 51013 _ 461113 _ 16,1214 _ 712,13 _ 1

27

A2AT = 2912 _ 366 _ 37T _ 31111 _ g312,12 _ 459,14 _ 471114 _ _1

2’
4.4.8 5,5,8 6,6,8 7,7,8 1 15,15,15 2
d77:d77:d77:d77:_ , d77 — —
23 3

1
ﬁ.
Note that the structure constants f®*¢ and d**¢ with a,b,c € {1,...,8} coincide with
the structure constants pertaining to the 3 x 3 ((}4(3,11—Mann matrices.

(]

399 — 81010 _ g8IL11 _ j81212 _

By Proposition 1.11, each swap matrix Swap,.” can be written in terms of the 4 x 4

Gell-Mann matrices as follows

15

1.1 o

(B.14) Swap,)) = L5 > NN
a=1

B.6. Linear subspace of M;-(C) spanned by the products of at most 4 swap
matrices. Again, any two tuples (1,7) and (k,l) are compared w.r.t. the lex ordering.
Let Bs be the set of all products of at most 3 swap matrices that correspond to different
permutations in S,,. For fixed ¢ < j < k < [ denote by B;;; the set consisting of the cubics
Swap,;Swap ;. Swapy,, Swap,;;Swap;Swapy,;, Swap;,Swap,,Swap,;,

(B.15) SwapikSWapleWapjl, SwapilSWaplewapjk, SwapilSWaplewapjk
and for fixed 1 < j < k <1 < m denote by B;ju.m the set consisting of the quartics
Swap,;Swap ;. Swapy, Swap,,,,, Swap;;Swap,,Swapy,, Swap,,,,
Swap;;Swap ; Swapy, Swapy,,,, Swap,;Swap;;Swap,,,Swapy,,,,
Swap,;Swap,, Swapy,, Swapy,, Swap;;Swap,,,, Swap;,, Swapy,,
Swap;Swap,,Swap ;;Swapy,,,, Swap;,Swap ;,Swap,,,, Swap;,,,
Swap,,Swapy,Swap;;Swap;,,, Swap;;Swapy,Swap,,,Swap,,,,,
Swap,,Swapy,, Swap,,,,Swap;;, Swap;,Swapy,,, Swap;,, Swap;,

(B-16) Swap; Swap;,Swap,, Swapy,,, Swap;Swap,;Swap;,, Swap,,,,
Swap,; Swapy, Swap ;. Swap,,,, Swap;Swapy,Swapy,,Swap,,,,
Swap;; Swap,,, Swap,,,,Swap;, Swap;Swap;,, SWapy,,, Swap
Swap;,,, Swap,, Swap,,Swapy,, Swap;,,Swap,,,, Swap;Swapy,,
Swap,,, Swapy,,, SWap,,Swap;, Swap;,,, SWapy,,Swap,,Swap,;,

Swap,,, Swap,,, Swap,;;Swap .

Proposition B.5. The set By consisting of Bs and the quartics
Swap,;Swapy, Swap,,Swap,; 1 <Jj, k<[, p<gq, r<s,

B.17 .
(A7 (1.9) < (1) < (0r4) < ()
Swap;;Swap ;, Swap,,,Swap,. 1<) <k, p<gq,r<s,

(B.18 .
) Swapy, SwapgSwap, Swap.,  p.ars & (i j, k), (0,0) < (1, );
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(B.19) t-Swap,, t€Byu, i<j<k<l, p<gq p,q¢{i,jkl};

Swap,;Swap ;. Swap,,,Swap,,., Swap,;Swap;,Swap,,,Swap,,,
(B.20) Swap;;Swap;,Swap,,Swap,,, 1<j<k, p<q<r, i <p,
{i,5,k} N {p,q.r} = 0;

<B21) t e Bijklm7 ) <j <k<l< m;

is a basis of the subspace of M5"(C) of polynomials in the Swap;; of degree at most four.

Proof. For the spanning property of B, identify the products of the swap matrices with the
corresponding permutations in 5,. Note that the only permutations that can be written
as a product of at most four transpositions that we omitted from B, are the 5-cycles
of the form (imlkj) for i < j < k <[ < m. But these are in the span of By by the
degree-reducing relation (3.1) with d = 4.

The proof of the linear independence of B, again relies on the properties of the 4 x 4
Gell-Mann matrices presented in Subsection B.5.

Suppose there is a linear dependence among the elements of B,. Then, using (B.14),
express each of the appearing terms w.r.t. the basis (1.11) consisting of different combi-
nations of tensor products of the fifteen 4 x 4 Gell-Mann matrices.

(a) First, consider the elements in (B.17) and observe that for any choice of i < j, k <
l,p<q,r <swith (i,5) < (k,l) < (p,q) < (r, s), the highest order terms in the expansion
of Swap;;SwapySwapp,Swap,s are of the form

AN NEAN NP NCND NS a,be,d e {1,...,15}.

By the product formula (B.13), the elements in (B.17) are the only ones that have terms
of order eight and more precisely, for any choice of 1 < 7,k < I,p < ¢q,r < s with
(i,7) < (k,1) < (p,q) < (r,s), the element Swap;;SwapySwap,,Swap,, has the term
A NE AL A NIAT NS, which does not appear in the expansion of any other element of Bj.
Hence, the coefficients next to each of the elements in (B.17) have to be zero.

(b) Now the elements in (B.18) are the only ones in B, that have terms of order seven
(meaning with seven different positions i, j, k, p, ¢, 7, s) in their expansion. For any choice
of i <j<k,p<gqr<swithpqrsé¢{ijk}, (p,q) < (r s), the highest order terms

in the expansion of Swap;;Swap;iSwap,,Swap,s are of the form
NMNNNAINT NS, a,be,d e {1,...,15},
while for Swap;;Swap;,Swap,,Swap,s they are of the form
AN NEAENEXTAD NS = M AN ASMNPNINL NS a,b,e,d e {1,...,15}.
As noted, the structure constants f®*¢ and d**¢ with a,b,c € {1,...,8} coincide with
the structure constants pertaining to the 3 x 3 Gell-Mann matrices. Hence, similar to
part (b) of the proof of Proposition B.2, for any choice of i < j < k,p < ¢,7 < s

with p,q,r,s ¢ {i,j,k}, (p,q) < (r,s), the element Swap;;Swap;Swap,,Swap,; has in its
expansion

Xy X5 X5 A8 NE NSNS X XX NGNS A AT NG XS = EX5 A A AR NEXGXG + DX AY A MG XS,
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But Swap;jSwap;,Swap,, has in its expansion
NS AE AR XL NS NSNS N AEAE A AT MG NS = —i A5 M AE AR AL NG Agt+5M NAEAE LD NS

By the same argument as in part (b) of the proof of Proposition B.2, all the coefficients
next to the elements in (B.18) are zero.

(c) Now the elements in (B.19) and (B.20) are the only ones with terms of order six
(i.e., with six different positions denoted by either i, j,k,l,p,q or i, j,k,p,q,r) in their
expansion.

For the elements in (B.19), given any choice of i < j < k < I, p < ¢ with p,q ¢
{1, 7, k, 1}, the highest order terms are of the form

A )\2 )‘Za

where A is a highest order term of an element of B;;i; as in the proof of Proposition
B.2. For the elements in (B.20), given any choice of i < j < k,p < ¢ < r,i < p with
{i,7,k} N {p,q,r} = 0, the highest order terms of the three appearing types are

Swap;;Swap,,Swap,,Swap,, 1 Al AL AL AL A2 AL NG A
Swap;;Swap,,Swap,,Swap,,. : AL X A AF AL AL AL\
Swap,;Swap;,Swap,,,Swap,,,. : AN NE AR AP AT NPT
First, consider (B.20). For fixed i < j < k,p < q <r,i < pwith {4,7,k} N {p,q,r} =0,
denote the coefficients next to the elements
Swap,;Swap ;. Swap,,,Swap,,., Swap,;Swap,, Swap,,, Swap,,., Swap;;Swap,, Swap,,,Swap,,,.
by (1, B2 and [33 respectively. Clearly, these are the only elements in (B.20) whose highest
order terms involve precisely the positions ¢, j, k, p, ¢, . So comparing the coefficients next
to the basis elements A Mg Afy AT AT AL A XS AR AT A AL and A5 M) AE AP AT AL give the
following equations
XN Mo A AT ATAT - =B — Ba+ B3 = 0,
MMM MAL e =B+ B+ B3 =0,
MMM AN AL =B+ B — 5 = 0.
The above system has a unique solution 5; = 5 = 3 = 0. Note that each of the highest
order terms of the elements in (B.19) necessarily has one of the Gell-Mann matrices A re-
peated twice. So the coefficients next to the basis elements Ay Ao Af; XY X{ A7, A Xg Ay AT AS A7
and Ay X)) AR, AP AT AL in the expansion of the elements in (B.19) are zero. We conclude
that the coefficients next to the elements
Swap;;Swap ;. Swap,,,Swap,,., Swap,;Swap;,Swap,,, Swap,,., Swap, ;Swap;; Swap,,,Swap,,.,

are zero and by analogy, the coefficients next to all the elements in (B.20) are zero.
Now consider (B.19). For fixed i < j < k <, p < q with p,q ¢ {i,7,k, [}, denote the
coefficients next to the elements

Swap,;Swap ;. Swapy, Swap,,,, Swap,;Swap;Swapy,Swap,,,, Swap;,Swap;,Swap;Swap,,,
Swap;Swapy,Swap;Swap,,,, Swap;Swap;Swap,,Swap,,,, Swap;Swapy,Swap,,Swap,,

by ai,...,as respectively. Clearly, these are the only elements in (B.19) whose highest
order terms involve precisely the positions i, j, k, [, p, . So comparing the coefficients next
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to several basis elements of the form \! )\Z AL AP A gives the following equations

BN AENG AL B — B =0,
MM AN AL B — 5 =0,
A MM A AN s By — Ba =0,

BN AN AL B — B — By =0,
M AT N A NS 0 1+ By + Ba— fs = 0,
AN N AT XA NS =B+ B+ B5 — B = 0.
The above system has a unique solution 5; = - - - B = 0. Hence, by analogy, the coefficients
next to all of the elements in (B.19) are zero.

(d) The quartics in (B.21) are now the only ones in B, that have terms of degree five.

For fixed i < j < k < | < m denote the coefficients next to the quartics in (B.16)
by 71, ..., 723 respectively. Clearly, these are the only elements in (B.21) whose highest

order terms involve precisely the positions ¢, j, k, [, m. Similar to before, we now compare
the coefficients next to several basis elements of the form A) X A\F AL A™ to get a system

(B.22)

of equations. By symmetry note that if A\’ )\{; AEALA™ is) e.g., a term in the expansion
of Swap?ijapijwaplewaplm and o is a permutation of the positions ¢, 7, k, [, m, then
Ag@ /\Z(]) AZ®) )\g(l) A7 s a term in the expansion of
Swapa(i),a(j) SW&Pg(j),a(k) SW&Po(k),o(z) SW&Pa(z),U(m) :
By this observation it is easy to quickly deduce several equations, e.g.,
X M ASAAT T =71+ 921+ 7 =0,
MMM =+ 2 — Y+ 73 =0,
(B.23) A X AE AL AT T =3+ 722 — Y19 + %6 = 0,
Al /\g AN AL : =1+ 721 — Y20 + 95 =0,
XA AT T =5+ 720 + 71 = 0.
The remaining 19 equations are computed by analogy. To apply this technique correctly it
is important to keep in mind that the equation given by Ai; X A\¥ AL \? is in fact —v; 471 —
Y24+74 = 0, where 724 = 0 is the coefficient corresponding to Swap,,, Swap,,, Swap,,Swap .
(that we excluded from the basis, but that we need to keep in mind to calculate the

following equations correctly). Combining all the 24 equations (B.23) with the ones
obtained by considering the terms

i i \vkE L ym i i \k L ym i i \k \ ym
Ar AL AT A3 AGT, ATy AL AT Ag A, ATy AL Ag Ags AT,
1 AT AG A5 Algy ALy Mg AT Ag AT ATy XG A5 A3 A
we get a system with unique solution v; = --- = 73 = 0. Hence, by analogy, the
coefficients next to all of the quartics in (B.21) are zero as well.

(e) Now the cubics (B.15) are the only ones with terms of degree four in their expansion.
But comparing the coefficients next to the basis elements

At M S Xy N A AT A, Al A AT Mg, Al M A5 X, Al A AT Ag, Ay A AT Ay
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gives back the system (B.22), which implies that the coefficients next to all of the cubics
are zero as well. We are left with a linear dependence involving terms of degree at most
two, which contradicts linear independence of B,y as shown in Proposition B.1. [ |

APPENDIX C. EXPLICIT EIGENVALUE COMPUTATION FOR CLIQUE HAMILTONIANS OF
GENERAL d-ROW PARTITIONS

Here, we give an alternative and elementary method to compute the character value
xXA((77)) of a transposition (ij) using the Murnaghan-Nakayama rule [Pro07, Section
9.9.1]. Using formula (6.3), we then again compute, for any partition A - n with d rows,
the eigenvalue 7, from Lemma 6.4.

C.1. The Murnaghan-Nakayama rule. To compute the value of the character y, at
the conjugacy class of transpositions we use the non-recursive version of the Murnaghan-
Nakayama rule. It states that

(C.1) (i) =Y (=n"®,

T
where the sum runs over all tableaux 7" of shape A that satisfy:

e the boxes of T are filled with numbers 1,2,...,n — 1 such that 1 appears twice
and all the others appear once,
e the numbers in every row and column are weakly increasing.

Here ht(T) is one if both 1’s are in the first column and it is zero if they are in the first
row.

Clearly, the set of all such tableaux is in bijection with the set of all standard Young
tableaux of shape A. This means that

X,\((i j)) = #(standard Young tableaux with 1 and 2 in the first row)—
#(standard Young tableaux with 1 and 2 in the first column).

It is easy to see that the standard Young Tableaux with 1 and 2 in the first row are
in bijection with the standard Young tableaux of the shape that we get by removing the
first two boxes from the first row of . Similarly, the standard Young Tableaux with 1
and 2 in the first column are in bijection with the standard Young tableaux of the shape
that we get by removing the first two boxes from the first column of A. To count these we
use the hook-length formula for skew shaped Young tableaux [Narl4, MPP18].

For a partition p denote by [u] the diagram (i.e., tableaux without numbers) of shape
p. If [p] is the diagram that we cut out of [A], then denote the resulting skew shaped
diagram by [A/p] and the number of all standard Young tableaux of shape A/u by f*.
For a box (7, ) € [p] such that the boxes (i +1,7), (4,5 + 1), (¢ + 1,7+ 1) € [A] are not in
(1], we say that an excited move with respect to A is the replacement of [u] by

(G )} UG +1 5+ D)

An excited diagram of shape A\/u is a diagram contained in [A] that can be obtained
from [p] with a series of excited moves. Denote by £(A/u) the set of all excited diagrams
of shape A/ (here E(A\/u) is empty unless [u] C [A]) (see Example C.1).
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The hook-length formula for skew shaped tableaux [MPPlS Theorem 1.2] states that

(C.2) =Nl Y Hhook

)
DeE(N/p) ij A/ )

In our case, x((i,7)) = f»* where u = (1,1) is the two-row partition of two. Hence,
if (i1, j1) and (ia,j2) are the two distinguished squares in an excited diagram D of shape
A/p, the summand in (C.2) pertaining to D can be expressed as

(C.3) X;( 2 hooky (i1, j1) hooky ,(ia, Ja).

Example C.1. For n = 7 let A = (4,3) and p = (2). Then there are three excited

diagrams of shape \/p,
- B b

C.2. Clique eigenvalue computation. Next we present an alternative method to prove
Proposition 6.7, which we restate below.

Proposition 6.7. Let ny be as in Lemma 6.4. For any A = n with rows \; > --- > Ag,
dd—1)2d—1) <

: =S (w—(k-1)”

k=1
Sketch of proof. Let A F n be a partition with at most d rows \; > --- > Ay > 0. To

calculate 7, through the formula (6.3) we first compute the value x((i 7)) of the character
X at the conjugacy class of transpositions. For that we use the Murnaghan-Nakayama

(C4) mo=n*+

rule as presented in Subsection C.1.

First consider the excited diagrams of shape A/ with p = (2). We only tackle the most
general case with \y > d 4+ 1 (i.e., the case that gives the most excited diagrams). By
a similar reasoning as before, the box (1,1), can be moved only after the box (1,2) had
already been moved. If (1,1) is, say, in position (k,k) for k = 1,...,d, this means that
(1,2) must have been moved to one of the d — k + 1 positions (k,k+ 1),...,(d,d+ 1).
So if (1,1) is moved to (k,k) and (1,2) is moved to (j,j + 1) for some j = k,...,d, the
contribution to (C.2) of this excited diagram computed via (C.3) is

xa(e) X)\( )

n!
Hence,

hooky(2)(k, k) hooky2)(j, 7 + 1) = (A —(k=1)+d—=k)(N; —j+d—j).

J A n—l ZZ — 2k +d+ 1)\ — 2] +d).

k=1 j=k
For the excited diagrams of shape A\/u with p = (1,1), we again only consider the case
with Ay > d — 1, which gives the most excited diagrams. In this case, if the box (1,1) is
moved to position (k, k) for some k = 1,...,d — 1, the box (2,1) must have been moved
to one of the d — k positions (k + 1,k),...,(d,d — 1). So if (1,1) is moved to (k, k) and
(2,1) is moved to (j + 1,7) for some j = k,...,d — 1, the contribution to (C.2) of this
excited diagram computed via (C.3) is now

XA( )

hooky /1,1y (k, k) hooky 1,1y (j + 1,7)

X;L( )(,\ —(k=1)+d=k)(N —(j —2)+d—j)
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Hence,

f)\/(l,l) _ xale)

n(n —1) Z(Ak‘2k+d+1)(%‘—2j+d+2).

Putting all together we get

)2 0-2)

=nn—1)=> Y (\e—2k+d+1)(N —2j+d)

k=1 j

s

-1

d
+Y ) =2k +d+1)(N -2 +d+2)

d
=n’=2n—Y (A} — 2k\y)
k=1
d
:n2+d(d—1)ézd—1)_Z(Ak_(k_m; .

k=1

FAacuLTY OF MATHEMATICS AND PHYSICS, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LJUBL-
JANA & FAMNIT, UNIVERSITY OF PRIMORSKA, KOPER & INSTITUTE OF MATHEMATICS, PHYSICS
AND MECHANICS, LJUBLJANA, SLOVENIA

Email address: igor .klep@fmf.uni-1j.si

DEPARTMENT OF MATHEMATICS, FAMNIT, UNIVERSITY OF PRIMORSKA, KOPER, SLOVENIA
Email address: tea.strekeljOfamnit.upr.si

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AUCKLAND, AUCKLAND, NEW ZEALAND
Email address: jurij.volcic®@auckland.ac.nz



	1. Introduction
	1.1. Connection to the classical Max Cut
	1.2. Quantum Max Cut
	1.3. Swap matrices on general qudit spaces
	1.4. Main results
	1.4.1. Defining relations of the d-swap algebra
	1.4.2. NPO hierarchy for the d-QMC problem
	1.4.3. Exact solutions for cliques and star graphs
	1.4.4. Exact solutions for complete bipartite graphs
	1.4.5. Separation of irreps

	1.5. Comparison with the work of Carlson, Jorquera, Kolla, Kordonowy, Wayland
	1.5.1. The Gell-Mann matrices
	1.5.2. The d-QMC Hamiltonian via the Gell-Mann matrices

	Acknowledgments

	2. Preliminaries on the representations of the symmetric group
	2.1. Irreducible representations of the symmetric group
	2.2. Schur-Weyl duality

	3. Degree-reducing relation for qudit swap matrices
	4. Identifying the qudit swap algebra MSwdn(C) as a quotient of the free algebra
	5. NPO hierarchy
	6. Quantum Max d-Cut and irreps
	6.1. Exact solution for sufficiently large d
	6.2. Exact solutions for clique Hamiltonians with uniform edge weights

	7. Graph clique decomposition
	7.1. Exact solutions for star graphs
	7.2. Exact solutions for complete bipartite graphs
	7.3. Balanced partitions and Littlewood-Richardson coefficients
	7.3.1. Unbalancing triples
	7.3.2. Balancing triples
	7.3.3. Summary


	8. Separation of irreps in d-QMC
	8.1. Separation of irreps with at most three rows via two graphs
	8.2. Separation of irreps via low-degree central elements

	References
	Appendix A. Linear subspace of Mdn(C) spanned by the products of at most d-1 swap matrices
	Appendix B. Swap matrices on (C3)n and (C4)n
	B.1. Linear space spanned by the products of at most two swap matrices
	B.2. Gell-Mann matrices of size 3 3
	B.3. Linear subspace of M3n(C) spanned by the products of at most three swap matrices
	B.4. Linear subspace of M3n(C) spanned by the products of at most four swap matrices
	B.4.1. Expansions of the remaining 5-cycles

	B.5. Gell-Mann matrices of size 4 4
	B.6. Linear subspace of M4n(C) spanned by the products of at most 4 swap matrices

	Appendix C. Explicit eigenvalue computation for clique Hamiltonians of general d-row partitions
	C.1. The Murnaghan-Nakayama rule
	C.2. Clique eigenvalue computation


